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PREFACE 


The thesis contains two independent parts. A brief account 
is given below separately of each of these parts. 

Part A ; Hartree-Fock-Slater ¥ave Functions and 
Magnetic Properties of Atoms and Ions . 

The purpose of this part of the thesis is to study some physical 
properties of many electron systems using Hartree-Fock-Slater (HFS) wave 
functions of Herman and Skillman and consequently to provide a set of tests 
to these wave functions. This part consists of six Chapters and an 
Anoendix . 

Chapter I briefly reviews the Hartree and Hartree-Fock self- 
consistent-field (SCF) methods. The merits and demerits of these methods 

are discussed particularly from the point of view of machine computation. 

. ■ ■ ' . ■ ' .. . ■ . '' '' . | 

Valuability of approximations in the Hartree-Fock scheme from the standpoint 
of computation time is recognized and accordingly a description of the HFS 
formalism which is based on a modified form of Slater free— electron exchange 
approximation for the exchange potential is presented. Some of the inherent 
limitations of the HFS formalism are also discussed here. Inspite of the 
approximate nature of the HFS wave functions it is believed that these are 
reasonably close to the Hartree-Fock (HF) wave functions. A discussion of 
the recent developments suggesting the use of a reduced Slater free- 
electron exchange potential is also included in this chapter. 

For reasons of simplicity^the HFS formalism of Herman and 
Skillman Ignores the multiplet structure arising from the open-shell 
configurations and uses a single determinantal wave function both for 
closed -shell and open-shell systems. In view of the belief that the HFS 



wave functions are good for closed-shell sys terns ^calculat ions of diamagnetic : 
susceptibility (Xjjpg) ^nd nuclear magnetic shielding constant ( 0^-pg) for 
all the rare gas atoms have been done using 110-point mesh HFS wave functions 
from the work of Herman and Skillman. These are presented and are compared 
with the results of available Hartree (E) and Hartree-Fock (HF) calculations 
and the experiments wherever possible. The 'Xfprg values are in good 
agreement with 'X.-gp and ^ eX ptl. ^ GhFS va ^ ues are uniformly slightly 
higher than the corresponding values. Available data on ]>j(r^ and 

^(l/r)^ for He, Ar and Kr corresponding to the use of the reduced 
Slater free-electron exchange potential are utilized to assess the 
comparative usefulness of reduced Slater potential scheme. A part of the 
work reported in this Chapter has been already published . 

In an attempt to have a check on the reliability of the HFS wave 

functions also for ions having closed-shell configuration an< 3 

the + -H- 

values were calculated for following six isoelectronic series: He, Li , Be , 

4-4*4- _ 4- 4*4* 4* 4 - 4" — » 4“ 4*4* 4 * 4 ' f mm 4“ 4-4* 

B ; F , He, Na , Mg , A1 ; Cl , A, K , Ca , Sc j Br , Kr, Rb , Sr , 

4*4-4- mm 4* 4 ** I " 4" 4 "j 1 4* 4*4“ 4 1 4- 1*' 

Yt ; I , Xe, Cs , Ba , La ; At , Rn, Fr , Ra , Ac .In order to 

avoid errors which might result due to the use of a coarser 110-point mesh, 

441-point mesh wave functions were used in these calculations. A Herman- 

Skillman type Computer program was used on IBM 7044 computer to generate 

these 441 -point mesh wave functions. The HFS wave functions for doubly- 

charged and triply-charged negative ions could not be obtained due to lack 

of convergence. This is believed to be due to the problem of obtaining 

bound states in such systems. The results obtained are reported and 

compared with other available H and HF results in Chapter III and these 

are also found to have trends similar to those of rare gas atoms reporte 

(vi) 



. in Chapter II. Values e of various one-electron (l/r)^^ and ^ 

integrals are also reported here. Since X. and 0~ are respectively 

proportional to ^(r^ 2 ) and .]>](( l/iu)) _,if is inferred that for the 

i ! 

closed-shell configurations the HF-S wave functions are better for large r 

values than for small r values , Based on the general trends of the CTgpg 
0 

valus reported in this chapter, a closed emperical relation is obtained and 

used to extrapolate the values for neutral atoms and singly, doubly 

and triply charged positive and negative ions from Z = 2 to Z = IftO. The 

values extrapolated thus compare favourably with those obtained by direct 

calculation using HFS wave functions. Chapter III also includes a 

discussion of an alternative method of evaluating the Ogp 3 values for 

various isoelectronic series. This method is based on the concept of 

stability of 3CF wave functions under one-electron perturbations and the 

Z-expansion of the total energy values using the Z-dependent perturbation 

theory in the isoelectronic series. Since total HIS energy values are not 

available readily_,the method has been demonstrated using HF energy values 

in an Appendix where (j^, values for neutral atoms and singly, doubly and 

triply charged positive and negative ions in various isoelectronic series 

containing two to twentyseven electrons have been evaluated and presented. 

Use is made of the HF total energy values reported by Clement i in his work 

on analytic HF wave functions of positive ion isoelectronic series including 

neutral atoms. The cTjjf va ^ ues obtained here seem to be as good as those 

obtained by direct calculation using the HF wave functions. This procedure 

seems to support, the empirical method formulated earlier for the 

extrapolation of Ojjpg values for atoms and ion3. A part of the work 

2 

presented in this Chapter is scheduled to be published shortly. 

Chapter IV concerns with the presentation and discussion of 



calculations of Fermi Contact interaction term (a , the hyper f ine-s true tur e 

constant) for ground states of Li, Fa, K, Cu and Ca* using the HFS wave 

function for the s-orbital corresponding to the unpaired valence electron 

in each of them. The HFS wave functions are restricted in the sense that 

their dependence has been ignored. Contributions to the hyperfine- 

structure constant a from the paired s-electrons of the core are therefore 

c 

zero in the HFS formalism and thus core polarization is neglected. The 
results are compared to other calculations and quite surprisingly it is 
found that, in general, they agree better than both HF and UHF (unrestricted 
Hartree-Fock) results with the experimental data wherever available. A 
discussion of this behaviour is given and it is concluded that the 
agreement between the HFS results and the experiments is fortuitous. 

In Chapter V, the results of calculations of Xgpg and Gjjpg 
values for some open-shell configurations in three different regions of the 
periodic table are presented. These regions are (i) Z = 3 to Z = 15, 

(ii) Z = 45 to Z = 53 and (iii) Z = 81 to Z = 91. From a comparison 
between these values and the other available values it is found that the 
single determinantal HFS wave functions are capable of reproducing the 
X and CT” values to a good degree of accuracy for open-shell configurations 
also. The agreement for Xwp 3 values is, however, better than for 
values, the latter being always slightly higher than the corresponding 
values. The HFS wave functions used here are non-relativistic and 
relativistic corrections are needful for large-Z values. 

Chapter VI presents the study of electric quadrupole interactions 
in ions arising from electric field gradients due to valence electrons 

^ q val 

antishielding factors E and for q^ al and q^ a ^. respectively are 


) and crystal field external to ion (q^^) . The Sternheimer 



calculated using the method of direct solution of inhomogeneous 


Schrodinger equation for the perturbation of the wave functions. The HFS 
wave functions are used as the unpurterbed ones. Due to certain 


limitations of the method of solution of the Schrodinger equation 


employed here, the resulting values are more reliable than the R 

values. Results of the ore sent calculations on the R values for 


444 444 444 v — 444 4 44 444 

Pr , Tm and Ce ard values for Fa , 01 , A1 , Pr , Tm , 


444 -|-"f 4 44 4 f-4 44 

Ce , Y , In , Ei and Am are presented and compared with those 


of other workers. 


A summary of the work reported in this part of the thesis is 
also presented at the end. This part of the thesis contains 41 Tables and 
5 Figures which appear at the appropriate places. 


Part B : Saturation in Multilevel-Multiresonance Zeeman 

Systems: A Theoretical Study 

This part of the thesis concerns with a theoretical study of 
the problem of saturation in multilevel-multiresonance Zeeman systems 
through the rate equation approach. It comprises of three Chapters and , 
an Appendix. 

Chapter I presents a brief description of the multilevel nature 
of the Zeeman systems and their study through the saturation phenomenon. 

The rate equation method for obtaining the steady-state population 
distribution in such systems is discussed and the various approaches to 
the solution of the rate equations are outlined. Limitation of the rate 
equation approach is mentioned and it is pointed out that most of the work 
presented in this part of the thesis was completed prior to the publication 
of Freed's work (J. Chem. Phys., 43, 2312 (1965)), which does not have the 

(ix) 


limitation inherent in the rate equation approach. However, in view of 
the simplified nature of the present generalization of the application of 
the rate equation approach to the study of saturation in multilevel- * 
multiresonance Zeeman systems, the present work is believed to have 
reasonable merit. 

In Chapter II, it is shown that the rate equation approaches of 
Stephen and Fraenkel (the "Diagram Method") and Keating and Barker (the 
"Inspection Method") are equivalent. This equivalence has not been 
pointed out earlier in the literature. The "Inspection Method", which wa3 
originally formulated for obtaining normalised finite-temperature steady* 
state population distributions in multilevel-multiresonance Zeeman systems, 
is extended to develop a general procedure for readily evaluating the 
various saturation parameters in such systems. The finite temperature 
case is considered in detail and general expressions for the saturation 
parameters derived. Expressions in high temperature and infinite 
temperature cases are deduced from the finite temperature case and 
compared with those of Stephen. As an illustration, results of some 
typical calculations are given for a four-level system. Towards the end 
of Chapter II an expression for the m^ dependence of the saturation . .. 
parameter JT for the various hyperfine components in the electron spin 
resonance spectra of free radicals in dilute solution is obtained. Here, 
it is assumed that the anisotropic intramolecular electron-nuclear 
dipole-dipole interaction and g-anisotropy modulation are ^ul^ythe/ 
significant relaxation mechanisms present. This m-j- dependence seems to be 
directly verified by the experiments of Schreurs and Fraenkel. Further, 
it is shown that the expression obtained by Stephen and Fraenkel for the 
mj dependence of jfi is a particular form of the expression derived here. 

(x) 



*A part the work reported in this chapter was presented in a Magnetic 
Resonance Summer School . It is felt that the simplified rules of the 
inspection method and the analysis of the *aturation factor presented- in 
this chapter can be easily adopted for machine computations. 

In Chapter III the Inspection method is further extended to 

take into account the forms of the various lattice-induced relaxation 

probablities . In particular, it Is assumed here that the various lattice- 

induced relaxation probabilities are known as linear combinations of 

certain relaxation parameters, which characterize the relaxation mechanisms 

present in the system. The present formalism for the study of saturation 

in multilevel-multiresonance systems has been found to be satisfactoiy for 

computer programming of the otherwise rather tedious calculations. ' . 

The salient features of the FORTRAN computer program written 'for this 

purpose are discussed and results o^ calculation on a six-level and a ten- 

level system are presented as examples. The computer program appears in 

the Appendix where a set of sample data and the corresponding output are 

also presented. Such computations are hoped to be of considerable help 

in the investigation of the relaxation processes present in multilevel 

systems. Further, the present computational machinery can be used to 

evaluate other system parameters which require the knowledge of the 

steady-state population distribution. A part of the work presented in 

4 

this chapter Is being published shortly . 

This part of the thesis contains 13 Tables and 5 Figures 
which have been inserted at appropriate places. A summary of this 
part of the thesis appears at its end. 


(xi) 



1 . 


"Hartree-Fock-Slater Wave Functions and Magnetic Properties of 
Rare Gas Atoms”. 

J. Chem. Phys . , 42, 4304 (1965). 

2. "Hartree-Fock-Slater Wave Functions and Magnetic Properties of 
Atoms and Ions". 

To appear shortly in "International Journal of Quantum Chemistry", 
Vol. 1, 1967. 

3. "Calculation of Saturation Parameters in Multilevel Zeeman Systems" 
Magnetic Resonance Summer School held at Fainital, India {May 1965) 

4. "Machine Computation of Saturation Parameters in a Multilevel 
Zeeman System". 

To appear shortly in "Journal of the Franklin Institute", 1967. 


(xii) 



TABLE OF GONTENTS 


Page 


DEDICATION 



i 

CERTIFICATE 


ii 

ACKNOWLEDGEMENT 


iii 

PREFACE 


PART A 

V 



HARTREE-FOCK-SLATER WAVE FUNCTIONS AND 




MAGNETIC PROPERTIES OF ATOMS AND IONS 


CHAPTER 

I 

Introduction 

1 . 

CHAPTER 

II 

Hartree-Fock-Slater Wave Functions and 
Magnetic Properties of Rare Gas Atoms 

27 

CHAPTER III 

Hartree-Fock-Slater Wave Functions and 
Magnetic Properties of Atoms and Ions 

48 

CHAPTER 

IV 

Fermi-Contact Interaction and 
Hartree-Fock-Slater Wave Functions 

96 

CHAPTER 

V 

Hartree-Fock-Slater Wave Functions and 



Diamagnetic Susceptibility and Nuclear 

Magnetic Shielding Values for Neutral 

Atoms having Open-Shell Configurations 112 


Diamagnetic Susceptibility and Nuclear 

Magnetic Shielding Values for Neutral 

Atoms having Open-Shell Configurations 112 

CHAPTER ' VI Hartree-Fock-Slater Wave Functions and 
Quadrupole Antishielding Factors of 

Atoms and Ions 130 

APPENDIX A A1 

SUMMARY 3cv 

PART B 


SATURATION IN MULT ILEVEL-MULT IRESONANCE 
ZEEMAN SYSTEMS: A THEORETICAL STUDY 

CHAPTER I Introduction 


(xiii) 



CHAPTER 

II 

Saturation Parameters in Multilevel- 
Multiresonance Zeeman Systems 

205 

CHAPTER 

III 

Machine Computation of Saturation Parameters 
in Multilevel-Multiresonance Zeeman Systems 

242 

APPENDIX 

B 


B1 

SUMMARY 



xxiii 

VITAE 



xxvi- 



PART A 


HARTREE» FOCK-SLATER WAVE FUNCTIONS AND 
MAGNETIC PROPERTIES OF ATOMS AND IONS 


CHAPTER I 


introduction 
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CHAPTER I 
INTRODUCTION 

Considerable effort has been made, especially in recent years, 
to obtain accurate electronic wave functions for many-electron atomic 
systems. The wave functions are of importance not only from the point 
of view of the electronic energies but also from the point of view of 
their ability to predict other physical observables suah as dipole and 
quadrupole polarizabilities, magnetic shielding eto 4 The latter quantities 
provide a more stringent test of the wave functions. 

The problem of the solution of the Schrodinger equation for a 

1-5 

many-electron atomic system was treated notably by Hartree and coworkers 

4 

The method was extended with the inclusion of exchange by Fock and this 

2 ' 3 

resulted in the now well-known Hartree-Fock procedure * . The solution of 
the Hartree-Fock equations for a many-electron system is complicated since 
a large number of exchange integrals have to be evaluated. With the 
advent of the modern high-speed digital computer facilities it has been 


1 
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possible to reduce the labour and time considerably and increase the 
accuracy in the computations without much difficulty. However, if one 
wishes to obtain the Hartree-Fock functions (HF) for many-electron atomic 
systems with large atomic number Z the time taken to obtain such solutions 
increases considerably even with fairly fast computers. Thus it has been 
pointed out by Lenander^ that approximately one hundred hours would be 
required on IBM 7090 computer to obtain the complete HF solution for a 
system with Z around 90. 

6 

Slater suggested a method of approximating the exchange 
potential In the Hartree-Fock equations which reduces the labour and time 
considerably. Slater's approximation is based on the free-electron gas 

7 

model. This method was first employed by Pratt for obtaining 

4 * ' 0 

Slater-modified Hartree-Fock (SHF) solution for Gu . Herman and Skillman 

have been able to obtain wave functions for all neutral atoms in the 

periodic table by employing Slater's simplified form of the exchange 

potential and a modification of this potential at large distances from 

the nucleus. An extensive tabulation of these Hartree-Fock-Slater (KES) 

wave functions have been presented by Herman and Skillman along with the 

8 

details of the computer program in their book . Availability of the HFS 
wave functions for all neutral atoms and several ions has thus been 
made possible for the first time. Since the HFS electronic energies 
compare favourably with available data of HF energies, one is encouraged 
to test the ability of the HTS wave functions to reproduce other physical 
•observables. Such a test would provide an opportunity to evaluate the 
merits grid demerits of the procedure adopted by Herman and Skillman in 
evaluating the HFS wave functions. In as much as the HFS method is 



3 


attractively simple, such a study would be worthwhile. 

This part of the thesis is concerned with such a test of these 

HF3 wave functions with regard to those properties which require the 

evaluation of expectation values of one-electron operators. In particular, 

the physical properties chosen are nuclear magnetic shielding (O - ) , 

diamagnetic susceptibility (A.), Fermi-Contact interaction term (a , the 

© 

hyperfine splitting constant) and Sternheimer antishielding factors 

( '^f 0Q and R) . It my be noted here that the one-electron operators 

corresponding to (J, ~X_ and and R are (l/r), (r 2 ) and (l/(r 3 )) 

respectively whereas the hyperfine splitting constant a is proportional 

c 

jjp 

to the value | v p(0) j for the corresponding unpaired s-electron of the 
system. Thus the present choice of the physical properties provides the 
test both over small r values and large r values. The degree of accuracy 
of these physical quantities evaluated using HFS wave functions can be 
judged by comparing thaawith the experimental values and the values 
evaluated using other type of wave functions (e.g. Hartree (H), HF, 
unrestricted HF (UHF), projected UHF (PUBF) , analytic HF etc.) wherever 
available. 

1.1 METRES AND HARTREE-FOCK METHODS FOR M&NY-ELECTRON 
ATOMIC SYSTEMS 


The nonrelativistic Schrodinger equation for an atomic 

2 

system containing N electrons is (in atomic units) 


i„ 2 

~2~ S7- 
* J 


N 


- S — + T 


3 r j 


r ij 


<J> = E <J> 


(1.1) 
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This is a non-separable differential equation in 3N independent 
variables and hence needs a simplification for its practical treatment* 

o 

In Hartree ! s self-consistent field method the approximate 
solution'^ of the above equation is assumed to be given by the following 
product of the ¥. one-electron wave functions (orbitals) 4 / v » 4^ 

which are occupied by the various electrons of the system. 


\> = + u (l) + t (2) +,(H) (1.2) 


In other words, this approximation assumes that each electron 

2 

moves in a field due to the nucleus as well as other electrons. I'-f' (ll)! 

, M 

gives the averaged charge density due to N-th electron occupying the z-th 
orbital. Thus each electron will be moving in the potential of the nucleus 
and that produced due to charge densities of the rest of the electrons 
and hence each one of the orbitals can be determined by solving a one- 
particle Schrodinger equation for the electron concerned In the field of 
the nucleus and the total averaged charge distribution due to the rest of 
the electrons which occupy other orbitals. One can thus start with a trial 


set of functions '4-' , vP ..... , and make them self-consistent with 

T U J -T v > T Z 

regard to the field produced by them. The Hartree equations can be 
# 

9 

derived using the variational principle of quantum mechanics. Thus, using 
the form (1.2) of one gets the following Hartree equation^ for the 
one-electron wave function 4^, 


- * V V l > - + >- + T w ^ *<*> a b> 


- ^ ^ (s> dXs *» (1> = A -^ (1) 


(1.3) 
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Here the summation over v implies summation over all one-electron wave 
functions including that over u-th one-electron wave function. 

The last two terms on the left hand side of equation (l.3) 
together represent the potential energy of the rest of the electrons 
distributed in the orbitals other than v^. These are spherically averaged 
in Hartree 1 s procedure. 

In atomic systems the form of one-electron wave functions can be 
chosen to be that of the central-field type. The most general central- 
field one-electron wave function occupied by an electron with quantum 
numbers n, 1, m, and m can be written as 

JL S 


4' ( 

u 


r i’ 


,) 




HI 


(r.) 


L- 

1 » 1 \ 


(e.,jzU s(m ) (1.4) 




This form can be made more restrictive by removing the requirement that 
P(r^) in this does depend on ra^, or m g or on both. However, in the 
representation 


% (l i> e i- ^ 


P ,(r.) 
nl x 


r. 

i 


*i> S(m s u } 


(1.5) 


there are (21+l) spherical harmonics Y's and two spin functions S. Hence 
in such a restrictive case 2(21+1) electrons can have the same radial 
dependence P nl (r i } * 

It can be seen that Hartree 1 s product function does not 
satisfy the antisymmetry principle of Pauli according to which the wave 
function must he an antisymmetric function of the electron coordinates. In 


ITT 

the simplest form an appropriate function X which satisfies the 
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antisymmetry requirement would be a determinant of the one-electron wave 
functions such as 




(NI F 




tr (:L) tr <2> t (1!) 


( 1 . 6 ) 


t z (D Hj(2) t (H) 

It nay be noted here that this -wave function ¥ allows an electron to 
occupy any one of the one-electron wave functions v^_, .... , 

The most simple form of the Hartree-Fock method utilizes the 

above determinantal form of Using variation principle one can derive 

the following Hartree-Fock equation^ for the one-electron wave function 

'f' occupied by an electron having soin quantum number m = m 
U ' Su 8 ^ 


JL r-7 « 

2 ' / -j_ 




N 


ti (1) 


r +> +„<*> 


12 


tu (l) 


T* A(m = m * in ) 
^ s u 


V 


4 ^ (2) ati 




2 A (5( m = m , m ) (l) 

fr y/x uv v ^ s„ s^/’ s v T v 


( 1 . 7 ) 


The summations over v imply summations over all one-electron wave functions 
including that over the u-th one-electron wave function. 
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It can be shown 10 that the determinantal form (1.6) will 

be adequate for systems having all (nl) groups completely filled (closed- 
shell configurations) but not so for systems having incomplete (nl) groups 
(open-shell configurations) . In the latter case a linear combination of 
the determinants of the form (l,6) such as 

^ = Z (1.8) 

k 

may be used. The form of the HF equations in such a case would not be as 
simple as the one given above (eqn. 1.7). We need not, however, go Into 
the details of the HF equations obtained using the function ^ given 
in equation (1.8). 

In the HF equations given earlier (eqn. 1.7) the last term 
on the left hand side is the well-known exchange term. The important 
difference between the Hartree (eqn. 1.3) and Hartree-Fock (eqn. 1.7) 
equations is then the inclusion of the exchange in the latter. The 
existence of the non-diagonal A term on the right hand side of HF 
equations can bo removed by choosing a suitable representation of the 

one-electron wave functions so that A becomes diagonal. 

* 

Use of the form similar to that given in equation (l.4) for 
one-electron wave functions offers a simplification of the H and HF 
equations since then the integrations and differentiations over the 
spherical polar angles can be carried out formally, thus reducing the 
problem to that of finding the radial functions only. In particular the 
form (l.5) gives the smallest number of equations. 

As for as the solutions of these equations are concerned there 

2 

are two approaches, namely, Hartree' s numerical approach and the analytic 
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^ ""I *1 P 

me unod of Roothaan * Lowdin and Appel c have suggested a method of 
analytic fitting to the numerical functions by successive approximations-# 

For open-shell configurations * the numerical approach 1ms been 

extended by Brown 13 , Shortley 14 and Hartree 2,1S while the analytic 

approach has been extended by Roothaan 1 ^, Huzinaga 1 ^, Roothaan and Bagus 1 ® 
19 

and ethers . 

As is well-known, relativistic corrections become significant 
for higher Z systems. Mention may be made here of the work done on 
relativistic self-consistent field formalisms, for example, by Swirles^, 

21 22 2^5 24 oc ofs 

Brown , Mayers , Cohen , Grant , Synek , Malli and Roothaan and 
27 

Clement! . 

It is quite obvious that the solution of HF equations is much 

more complicated than the Hartree equations because of the exchange 

potential term in the former. Thus, for the higher Z values even with the 

aid of modern fast digital computers the complete solution of HF equations 

is formidable. It may be remarked here that although the non-relativist ic 

Hartree solutions are available for quite a large number of systems it is 

not so with the non-relativistic Hartree-Fock solutions. The number of 

HF (even non-relativistic) solutions forms only a small fraction of the 

number of the neutral atoms and the ions met in physical ami chemical 

applications. Thus a large number of theoretical investigations have 

been handicapped by the lack of HF or even approximate HF wave functions. 

8 

Fortunately the work of Herman and Skillman has changed this situation. 

It is interesting to note that these authors obtained extensive results 
on atomic wave functions not purely from an interest in atomic structure 
calculations but in order to make energy band calculations in solids using 
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these 'Wave functions* We shall deal about the approximation for the 
exchange term employed by these workers a little later* It would be 
worthwhile to highlight some of the attempts made recently to get wave 
functions which are more accurate than the HF functions* 

Although HF calculations can be carried out to a high degree of 
accuracy it has been generally found that the difference between calculated 
and experimental energy values is significant* This difference f often 
referred to as the "correlation energy 1 ^ has its origin in the correlation 
of the motion of electrons. In Hartr ee 1 s model no correlation is taken 
into account whereas in the Hartree-Pock model the correlation between the 
electrons of like spins is introduced through the use of the determi nantal 
wave function^^ • It however, neglects the correlation between electrons 

pc> ‘Z'l 

of -unlike spins. There have been several approaches* ” to the problem of 
getting better approximations which include the correlation between unlike 
snins as well, such as the method of configuration interaction (01), the 
method of using correlated wave functions (this cannot work within the 
framework of HF model) and the method of using different orbitals for 
different spins (extended HF, unrestricted HF (UHF) and projected UHF 
(PUHF)). 

1.2 THE EgCHANQB TERM IN THE HARTRSE-FOCK EQUATIONS 
AKD SLATER'S APPROXIMATION 

Wg shall now focus our attention on the free-electron 

6 

exchange approximation suggested by Slater' to avoid the evaluation 
of various exchange integrals in the HF method and thus cast the HF 
equations in- a form suitable for expediting their solution. 
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The exchange tern In the HF equation (eqn. 1.7) can be written 


as 


exchange term 


V L s tt %< v. 


4 (2> 4^< 2 > 


%(D %Ti) 


t.(l) 


'U 


(1.9) 

The third term on the left hand side of equation 1.7 (HF 

equation) includes the term v = u which is erroneous as it accounts for 

the interaction of the electron occupying the orbital with itself. 

The exchange term actually provides a correction for this. Looking at the 

form (1.9) of the exchange term it can be thought of as being the potential 

energy of the electron (spin m = m ) occupying the one-electron wave 

s u s c< 

function ^ (at position l) due to a fictitious charge density at 
position 2, which one usually refers to as exchange charge density. 


exchange charge density 




+*(1) V n (i) 


( 1 . 10 ) 


This charge density has the following properties^. 

(i) Its total amount is I a.u. or zero according as is 
occupied or unoccupied. 

(ii) It Is made' up of only those electrons which have spin m . 

V 

(iii) If position 2 becomes same as position 1 it reduces to 

total charge density due to electrons having spin m at 

S <X 

the position of the electron in question. 
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The third term on the left hand side of equation (1.7 ) (HP 

equation) can be split into two parts, the first including all the electrons 

having spin m (opposite to m ) and the second term having all the 

H S oC 

electrons having spin m 

s o<f 


First part of the third term on left hand side of equation 1.7 
(HF equation) 



(1.11a) 


Second part of the third term on left hand side of equation 1.7 
(HF equation) 


= Z &V * Sc< >%) ^ % (2) dT 2 *u (1) 

(1.11b) 

If one is considering the one-electron wave function for 
the case when it is actually not occupied, the exchange term will be zero 
and the third term needs no correction for the self- interaction. However, 
in case the one-electron wave function is occupied, the second part 
of the third term (eqn. (l.llb)) should contain all the electrons having 
spin m except the one which is occupying the one-electron wave function 
sy . In this situation a part of the exchange term provides a correction 
to the third term (actually to second part of the third term) for the 
self-interaction error. 

In case electron position 2 becomes same as position 1 the 
second part of the third term as a whole becomes meaningless because the 
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electrons having spin m g ^, should avoid the electron in question (Pauli’s 
exclusion principle) • In this situation the exchange term as a whole 
provides a correction to the third term on left hand side of equation (1.7); 
actually cancels out the second part (eqn. 1.11b) of this third tens. It 
may be noted here that in Har tree’s model there is a correction for the 
self -interact ion of the electron in question but no correction as regards 

to operation of Pauli’s exclusion principle. 

Thus, physically the existence of the charge density In the 
Hartree-Fock case symbolizes the existence of an exchange-hole centered 
arround the electron in question which keeps the other electrons of the 
same spin away from it. This hole is also referred to as ’’Fermi-hole" . 

In details the exchange charge density and therefore exchange 
potential have different forms for different occupied one-electron wave 
functions but they have certain attributes common to all one-electron 
wave functions. Total exchange charge is 1 a.u. for all v^>*s and when 
electron position 2 becomes identical with position 1 it is same for all 
v|y 1 s and has the maximum value there. Thus one can conclude that the 
approximate size of the Fermi-holes corresponding to various is same 

though they may have differences in shapes and finer details. One can 
therefore think of replacing all Fermi-holes by an average value. 

Assuming that the exchange charge distribution is spherical we can get the 
radius R of the Fermi-hole from the equation 
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ihe calculation of average exchange charge density and average 
exchange potential can be carried out exactly for a free-electron gas^*^. 
Tho exchange-hole in a free-electron gas is similar to the exchange-hole in 
an atomic system in many respects. By analogy with the free-electron gas 
the averaged exchange potential for an atomic system may be assumed to 
depend upon local like-spin electronic charge density. Now, to get the 
value of this averaged exchange potential from the theory of free-electron 
gas one has to assume that the averaged exchange potential for a non- 
uniform distribution of electrons as in atomic systems depends only on 
local electronic charge density. This is the free-electron exchange 
approximation. 


The exchange potential energy for an electron (spin m ) 

s cX 

occupying the orbital ^ is given in the square bracket of equation (l.9). 
In the case of free-electron gas this is found out by using the plane wave 
representation for the various y 's so that 


= ~p s 

v/V 


+iK .r w 
v N 


(1.13) 


where "K* is the wave vector and i\ T is the' radius vector of the N-th 

v 1 

electron and V is the volume of the electron gas. Thus the plane wave 

exch an ge potential for the electron having the one-electron wave function 

& 

is given by 


r 

exchange potential acting on electron with wave vector 


J r 12 V 2 


i(K -K ).(r 5 ,-r 1 ) 

12. IT 1 j y - 

e a 


dA) 


(1.14) 



Following Dirae-Slater derivation, one first integrates over 
configuration (dXg) and gets the exchange potential energy between 
electron occupying at position 1 and the electron occupying 
Summation over v implies the integration over momentum space (X^ ) and this 3s 
the second step in Dirac-3 later derivation. One finally gets the momentum 
dependent exchange potential V QX (r) between electron 1 in and 
electrons 2 ( m s ^’s = in. '4 / v .' s * Thus, we get 


V Ky (r) = 

/-w ' ' 


ex' 


2K (r) 
max 7 

t r 


p 

r 1 - -S 


■ Ku -l 

i. 4. / 

K max (r) 1 

} In < 

W r) 1 

t > 

j 

1 K | 

* u . I 

1, Vf 


^ K (r) 


U " K (r) j J 


max 


max 


(1.15) 


2 • p 

where K is the electron energy in atomic units and K is the Fermi 
u max 

energy. This expression has to be averaged for getting the average , 
exchange potential. 


Slater’s averaging emphasizes the interaction with the average 
electron in the Fermi distribution and he has derived the following 
expression for the average exchange potential in the free-electron gas 


^.exch. _ _ g 
av. 


3 

8rr 


|p|J 


& 


(1.16) 


where | J represents the total electronic charge density in the free- 
electron gas. 


Now adopting the free-electron exchange approximation the 
averaged exchange potential in the atomic system at the point r would be 
equal to the. averaged exchange potential for a free-electron gas whose 
total electronic charge density is equal to that in the atomic system. 



Thus replacing | p } in the above equation by £ v|/(l) \p y (l) we get 


-rrexch. / \ 

(r > = - 3 


8K 




( 1 . 1 ?) 


Thus, in the free-electron exchange approximation the HF 
equation (eqn. 1.7) reduces to 


- ~ - 


a-c. 


vi v T 12 Y 


tu (l) 


fir 7 «Ji&) = a^J 1 ) 


(1.18) 

It has, however, been assumed in the above equation that A 

is diagonal. The problem of evaluating the various exchange integrals 

can be thus avoided. It has been shorn, however, that the use of this 

approximation overemphasizes the role of exchange^ 4 ’ 55 . Further Maslen's 
3 0 ' ■ 

work , while it tends to support the use of the free-electron exchange 
approximation in the interior region of an atom, however, points out the 
serious limitation of this approximation in the exterior region. 


1.5 HARrHSE-FOny-ST.ATBR SGHEME OF HERMAN AND SKILIMAN 

O 

Herman and Skillman , in their work, have made use of the 
Slater free-electron exchange potential along with certain other 
simplifying assumptions. In the first place these workers made use of 
the representation (1.5) for the orbital Vp u ‘s so that they did not 


distinguish between and 


They have also ignored the 


v> 


multiplet structure arising from the open-shell configurations so as to be 
able to use the single determinants! fora (l.S) of for all the atoms. 

For an open-shell configuration all the (nl) orbitals do not have same 
number of o( and fj spins so that the fres-electron exchange potential 
for the two sets of spins would not be same. This needs actually a 

representation which distinguishes between P . and P , . Using such 

37 “Nl 

a representation Pratt and Wood and Pratt have extended Slater's work 

to take into account different free-electron exchange potentials for the 

two sets of spins. These workers, however, have also limited themselves to 

the use of the single determinantal form of"^. 

8 

In the representation of Herman and Skillman the Hartree-Fock- 
Slater radial equations for a free atom or ion are of the form: 


*ii + hih) + T(r) 


,2 c 2 

dr 2r 


P nl^ S nl P nl^ 


(1.19) 


where distances are measured in Bohr units and energies in Hartree units. 
In this equation ordinarily, one has 


V(r) = V N (r) + V Qc (r) + v®*° h# (r) 


( 1 . 20 ) 


where 


V ( r ) = Nuclear Coulomb potential 


N 


Z_ 

r 


(1.21a) 


+ i 

r 


V (r) = Total electronic Coulomb potential 
ec 

oo 


nl v 


dt + 


w 

r 




dt 

t 


(1.21b) 


0 



and 


^exch, 

av. 


(r) 


= Slater average exchange 
potential 


= - 3 


f 5 v nl Unl 
8 * 4TTr 2 




i 


(1.21c) 


represents the number of electrons (both spins) in the (nl) orbital. 


Since at large distances the averaged exchange potential 

, r exch. / \ , . * 

'' av> Irj goes to zero, it can easily be seen that V(r) — >0 at such 

distances for neutral atoms, which is not correct. This shows the existence 

of self -interact ion for an electron at large distances in neutral atoms. 

We have- seen earlier how the self-coulomb potential is removed out of the 

total electronic coulomb potential by its cancellation with a suitable 

term in the exchange potential in the HF model. However, because of the 

fact that the averaged exchange potential gees to zero at large distances, 

the free-electron exchange approximation fails to cancel the self -coulomb 

potential at such large distances. In his SHF scheme for the solution of 
+ 7 ’ 

Cu Pratt ‘ did not try to correct for this. 

8 

Herman and Shi liman have employed a procedure to "create" the 

free-electron exchange potential at large distances. In a neutral atom, 

an electron at large distances must move in the field of a single (Z-N+l) 

positive charge so that we must have V(r) = (l/r) rather than V(r) =0 at 

59 

such distances. Herman and Skillman followed Latter's procedure for this 
purpose. The potential V(r) defined by equation (1.20) will now be *\ 
denoted by V (r)' and referred to as the unmodified potential. In an 
atomic system with atomic number Z having N electrons, an electron at large 
distance would see the potential - (Z-N+l)/r. Hence, Herman and Skillman 



xirst choose a critical radius r~r^ given by 


(Z-N»l) 

r 


= V o <r) 


( 1 . 22 ) 


and then define their modified potential V(r) to be used in equation (1.19) 
as follows 


V(r) = V 0 (p) 


and V(r) = 


( Z-N+l ) 


for r < r 


for r } r Q 


(1.23) 


Inspite of the questionable behaviour of V(r) at intermediate r values and 
the discontinuity in a t r=r Q , these workers have stated that the 

modified potential V(r) is better than the unmodified potential V (r) • 

The solution obtained by these workers are referred to as HIS 
wave functions. It may be also pointed out here that the use of the 
modified potential lowers the energy eigenvalues in general. But the 
innermost wave functions and their corresponding energy eigenvalues are 
practically insensitive to the replacement of V (r) by V(r) . The outermost 
orbitals are only slightly affected while the corresponding eigenvalues are 
appreciably lowered. It also turns out that the free-electron exchange 
approximation fails to correct for the self-coulomb potential at small r 
values too. Herman and Skillman, however, did not try to correct the 
potential for this. 

It may be remarked here that Herman and Skillman have provided 
non-relativistic HIS wave functions only. For higher Z atoms the 
relativistic corrections become important. These workers, however, have 
calculated the relativistic and spin orbit coupling corrections to various 



orbital energy values by a perturbation method. The direct solution of the 
two first-order linear differential equations resulting from the Dirac 
relativistic equation in the HFS scheme has been discussed recently by 
Waber et al. 42 , who have pointed out the improvement resulting from 
inclusion of relativistic effects also. 


1.4 REGENT DEVELOPMENTS OF THE HARTREB-FQCK-SLATER SCHEME 

In recent years there have been several developments regarding 
the Slater free -electron exchange approximation and these will be now 
discussed. 


34 

Following the suggestion of Hartree , in order to avoid the 
overemphasis of the role of the exchange in Slater free-electron exchange 
approximation (SHF) , Lenander 4 ^” 4 ‘ J has developed a parameterized Slater- 
modified Hartree-Fock (FSHF) scheme. This consists of introducing an 
empirical multiplicative factor in the average exchange potential (eqn. 
1.21c) . 


^.exch. ,p _ G 
av. 





(1.24) 


In particular, Lenander applied the scheme to 1 Pr and 
obtained the best agreement with HF results for the matrix elements 
F 2 , F 4 , F 6 (Slater integrals) and (r 2 ) , (r 4 ) and (r 6 > with a value 

of c = 4/5. This factor has also been shown to apply for lower Z atoms or 

+ 45 

ions such as Cu , 0 and Ar . 

Kohn and Sham. 46 have arrived at expressions for the exchange 

47 

potential and correlation based on the earlier work of Hohenberg and Kohn 
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.these authors obtain the statistical averaged exchange potential which 

is 2/3 that of Slater's result (eqn. 1.16) . This is because these worker's 

have emphasised the contribution, of the electrons at the top of the Fermi 

K 

distribution while taking the. average of V 3 (r) (see equation 1*15) over 

ex • 

It may be remarked here that Cowan et all^ have also obtained 

independently this factor 2/3 in the exchange potential and their derivation 

also differs somewhat from that of Slater. These latter workers present 

comparision of wave functions and expectation values of the one electron 

operators r n for argon using H, HF ? HFS and EFS' (the one which uses an 

averaged exchange potential which is 2/3 that of Slater) schemes. They have 

shown on the basis of their calculations on Ar that HFS* generally yields 

49 

better results. Tong and Sham ‘ have also discussed the use of the 

"reduced" exchange potential and correlation corrections outlined try Kohn 
46 

and Sham in atomic structure calculations. It may be noted here that 
both Cowan et al. and Tong and Sham have found it undesirable to use the 
modification of Herman and Skillman for the exchange potential for large r 
values in the HIS* scheme. 

Lindgren^ has recently pointed out an improved Hartree-Fock- 
Slater method for atomic structure calculations. His method consists of 
introducing three adjustable parameters C, n and m in the Slater average 
exchange potential (eqn. 1.21c) as follows. 



( 1 . 25 ) 
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In the SHF scheme all the parameters C, n and m are equal to 

unity. Lindgren adjusted these parameters for minimization of total 

energy and found that while m was fixed constant equal to unity in the 

three systems studied (Al, K and Gu) G varied from 0.72 to 0.85 and n 

from 1.01 to 1.24. It can be seen that the value of G is close to the 

factor 4/5 obtained by Lenander While it Is clear that a justification 

for a G value lower than unity can be obtained from the details of the 
. 46 

averaging of the momentum-dependent exchange potential (eqn. 1.15) it is 

perhaps rather difficult to justify on physical grounds the Introduction 

of the parameter n. Slater has recently commented on the above proposal 

for a. reduction In the averaged exchange potential. He is of the opinion 

that the emphasis placed by Kohn and Sham on the electrons near the top of 

the Fermi distribution is not justified on account of the fact that the 

dependence of the exchange on the momentum is not experimentally observed and 
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also is practically removed by the plasmon theory of Pines et al. . 

On this basis Slater prefers to disregard the dependence of the exchange 
potential on momentum and retain his original form of the averaged exchange 
potential. The question of reduced Slater exchange potential Is stil 
an open one. 

1.5 PRESENT WORK 

In the work reported in this part of the 'thesis use has been 

made of the HFS wave functions obtained with the Slater form of the 

tKe 

exchange potential along withJHerman-Skillman modification. 

In view of the fact that the s ingle-determinantal forms of the 
HFS wave functions are good for closed-shell systems, calculations of 
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diamagnetic susceptibility (X^^) and nuclear-magnetic shielding constant 
(CTgpg) f° r all the rare gas atoms have been made and presented in 

Chapter II. A comparison with available theoretical and experimental data 
is also made. 


In an attempt to test tho HFS wave functions also for ions 
having closed-sholl configurations Xg-^ and (j^_s values were calculated 
for the following six isoelectronic series: He, la"*", Be"^, F”, Ne, 

Ka + , Mg ++ , Al^| Cl", At, K + , Ca^, Sc +++ ; Br“, Kr, Rb + , Sr^, Yt W ; 

I , Xe , Cs , Ba , La ; At , Rn, Fr ' , Ra ‘ , Ac . The results obtained 
aro reported in Chapter III where our calculations are compared with those 


of others wherever available. Using the general trends of <j^pg values 

reported here, an empirical relation has been obtained and used to 

extrapolate the Gjppg values of atoms and singly, doubly and triply 

charged positive and negative ions from Z = 2 to Z = 100. The values thus 

extrapolated compare reasonably well with those obtained by direct 

calculation using HIS wave functions. Chapter III also considers an 

alternative method of evaluating Ojryg values of various isoelectronic 

53 

series. The method is based on the concept of stability of self- 
consistent field wave functions under one-electron perturbations and 
requires the knowledge of the total energy values in the isoelectronic 
series. Since the total HFS energies are not available readily, the 
method has been demonstrated in an appendix where values for 

neutral atoms and singly, doubly and triply charged negative and positive 
ions in the various isoelectronic series (containing 2 to 27 electrons) 
have been evaluated using this method. Use is made of HF energy values 
reported by Clementi 54 , in his work on analytic HF wave functions of 
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several atoms and ions. The Ogp values thus obtained' are compared with 
thooe obtained by direct calculation using HF wave functions. 

Chapters IV and V are devoted to the study of the HFS wave 
functions for open-shell configurations. Chapter IV concerns with the 
calculation of Fermi -Contact interaction terms for some atoms and ions 
using the HFS wave functions for the s -orbitals corresponding to unpaired 
electron in each of them. The results are compared with the experimental 
data, wherever available. 

In Chapter V, the results of calculations of "Xp^g and Ojjpg 
values for some open-shell configurations in three different regions of the 
periodic table, namely, Z = 3 to Z = 15, Z = 45 to Z = 53 and Z = 81 to 
Z = 90 are presented. 

Chapter VI presents a study of quadrupole interactions in ions, 
arising from e lectr ie-fjie Id gradients due to valence electron (q^. .j) and 
crystal fields external to the ion (q ex j.) • The contribution to Sternheimer 
antishielding factors to both (R-factor for Pr , Ce and Tm ) 

and q ext ( ^-factor for Na , Cl , Pr , Ce , Tm , I , In , Bi , 

Am and A1 ) are calculated using the method of direct solution of the 
inhomogeneous Schrodinger equation for the perturbed wave functions. The 
HFS wave functions are used as unperturbed wave functions. The results are 
compared with those of other workers. 

The discussion of the results obtained here is presented in the 
individual Chapters and a summary of this part of the thesis appears at the 


end of it. 
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CHAPTER II 


HARTREE- fock-slater wave functions AND 
magnetic properties of rare gas atoms 



CHAPTER II 


HARTREE-FOCK-S LATER WAVE FUNCTIONS AND 
MAGNETIC PROPERTIES OF RARE GAS ATOMS* 

II. 1 INTRODUCTION 

In this chapter we present the calculations of diamagnetic 
susceptibility (X) and nuclear magnetic shielding constant (0~) for all 
the rare gas atoms using Hartree-Fock-Slater (HFS) wave functions of 

X 

Herman and Skillman . Although the HFS wave functions for all neutral 
atoms are available, the closed shell configurations are likely to be more 
accurately represented by the single determinantal form and hence we have 
first investigated the rare gas atoms. Section 2 presents the theoretical 
details of the quantum mechanical calculation of X and CT values using 
wave functions. In Section 3 we present details of the numerical 
evaluation of these quantities. Section 4 presents the results of these 
calculations and compares them with other available calculations and 

* A part of the material presented in this Chapter has been published in 
J. Chem. Phys., 42, 4304 (1965). 
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experimental data. In conclusion it is pointed out that the HFS functions 
appear to be capable of reproducing % and CT value to a good degree of 
accuracy for rare gas atoms. 


II. 2 THEORETICAL raw ms 

All atomic and molecular systems show diamagnetism and the atomic 
diamagnetic susceptibility "X can be computed in a simple manner using the 
corresponding wave function in the expression^ 


X* = - 


N 


6mc 




( 2 - 1 ) 


Here N is Avogado's number, e is the electronic charge, m is the mass of 
the electron, c is the velocity of light, r^ is the distance of the i-th 


electron from the nucleus and 4 ^ Is the electronic wave function of the 
atomic system containing the n electrons. Since $ is a single 
determinantal wave function consisting of spin orbitals which are 
orthonormal, we have 


'-y' 0 

/ ^d ~ 2 

6mc 




( 2 . 2 ) 


where P^(r) represents r times the radial part of the spin orbital 
corresponding to i-th electron. Further, in view of the fact that each 
(nl) group of electrons is characterized by a single spin orbital and it 
contains 2(21 + l) electrons if it is complete or lesser number of electrons 
if it is incomplete, we can replace the summation over i by summation over 
the (nl) spin orbitals as follows 




^ U nl^ ? nl (r) t r2 | P niW> 

ni 


(2.5) 


where CJ^ represents the number of electrons in the (nl) group and 


» = r U) nl (2-4) 

nl 

We have used equation (2.3) to evaluate X-jjpg values for the 

various atoms employing HFS wave functions. 

r 5**5 

In the molecular beam experiments of Eusch and his coworkers 

it was found necessary to consider the effect of the Larmor precession 

of electrons in atoms put in a uniform external magnetic field H while 

attempting to evaluate correctly the magnetic moment of the atomic nucleus. 

This correction is large especially for heavy atoms. The Larmor precession 

actually produces a magnetic field at the nucleus which opposes 

(diamagnetic shielding) the external magnetic field. It has been shown by 

3 — 

Kusch et al. that H, the field due to a single processing electron at the 
site of the nucleus in an atom is given by 


H = — t (l/ffl) (2.5) 

where r is the mean value of the distance of the electron from the nucleus 
and e, m and c represent the same physical quantities as those in equation 
(2.1). Lamb 6 showed that the shielding field is directly proportional to 
the electrostatic potential produced by the electrons at the nucleus. 
Further, using Thomas-Fermi Model he derived the relation 

io 5 -f- = C(z)f 

xi 


( 2 . 6 ) 



for the ratio of the shielding field to the external field. Here 
0 ~ 0*319x10 and Z is the nuclear charge. 

. Following Lamb 0 , Hylleraas ’and Skavlem^ also derived the 

formula 



(2.7) 


where is the Bohr radius and is the fine structure constant. 

It may be noted that following the derivations of Lamb^ end 
Dickenson , for an atom or monoatomic ion in a magnetic field H, there 
will be an induced shielding H’(0) at the nucleus such that 


H«(0) 

H 



( 2 . 8 ) 


where v(0) is the electrostatic potential produced by the electrons at the 
nucleus. 

Since in the self-consistent field method the spherical 
symmetry of the potential Is assumed at the outset, we can calculate v(0) 
simply using the appropriate atomic wave function and thus 



<$lg£)|$> 


(2.9) 


We shall consider here only the diamagnetic part of the 
shielding of the nucleus due to the electronic precession. Contributions 


to the shielding from orbital and spin parts are not considered here. 
Although the above equatiaw apply strictly speaking to atoms and ions in 
1 S state the diamagnetic part of the nuclear shielding in atoms and ions 



1 

having states other than S can he calculated by the above equation and the 
values thus obtained pertain to the spherically averaged values <J ~ = f j~ 


•rr 
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Following the same reasoning as used in deriving equation (2.3) 
from equation (c.l) wo can get here also a relation quite similar to (2.3) 
for evaluating quantum mechanically. Thus we have 


C = 




' , v ■ | 

( 2 . 10 ) 


In the following section we describe the procedure in which the 
relations (2.3) and (2.10) are used to evaluate X and CT for rare gas atoms 
using the relevant spin-orbitals. 

II. 3 METHOD OF CALCULATION 

For evaluating and CTT^ values of an atom or ion we 

require (P^fr) 1 and <^P nl (r) l (l/r) 1 P nl (r)} , i.e. expectation 

values using the various spin-orbitals (nl) of the system. These were 
evaluated by direct numerical integration using the numerical HFS wave 
functions of Herman and Skillman on IBM 1620 computer. 

The HFS wave functions are available as x vs. P(x) tables. x is 

1 

the variable appearing in the Thomas -Fermi model of the atom and is defined 

x = (2.11) 

where is a function of Z, the atomic number and is defined as 




( 2 . 12 ) 



Both x and r are taken in atonic units. In terms of the 


variable x we have for the k-th obbital, 

co 

<P k (r)$r H iP k (r)> = J P fc (r) r^r) dr 

0 

00 

= ^ ? k ( r=/Ux ) / u''x TL Ty : ( T= / Ux)^A dx 
0 


oo 


(/U) a41 | p k ( r =ux) x m P k (r=Mx) dx 


= (/^) m+1 -(P k (r=yUx) |x m ]P k (r=/Ux)) 

(2.13) 

In particular, we have 

(p^Cr) j r 2 | P nl (r)) = (M) 5 (P nl (x) | x 2 | P^x)) (2.14a) 

and { p rl (r) }l/r| p nl (r)) = ( p nl (x) I l/x 1 ^(x)) (2.14b) 

We utilized the data of Herman and Ski 11 m an in terms of x vs. P(x) tables 
directly through equations (2.14a) and (2.14b). 

9—12 

The method of finite differences was used in the numerical 
integration. of equations (2.14a) and (2.14b). In particular, the 
integration formula through adjacent intervals, namely, the formula 


f. ,.-f. 
3+1 J 


* 


(6x) 


f 3 


f 1 

j+1 


1_ 

12 


<cS 2f 


t + 

J 


+ 0 


11 

j+1' ' 720 
<6x) 7 


iS Zf W + rao + & 




(2.15) 



was employed* We actually evaluated the Integrals 


03 


nl 

c 

03 


P ri w ? nl (x) dx = | P nl (x) x n P nl (x) dx 


0 


x 


nl 


t cc 


F n i(x) dx 


0 


(2.16) 


wnere 


F nl W = P nl W * F ra U) 


(2.17) 


nl 


and x^ represents the limiting value of x in the outer region where 
nl ■ 

P^CxfXqq) is less than certain pr scribed minimum. P y[1 (x) decays 

exponentially with x and so this cut-off is required and all P(x) beyond 
nl ' 

xrx^ , aro set equal to zero. In other words, the contribution to the above 

nl 

type of integrals from x = to x = co is neglected. In the tables of 
ref.l values of P(x) less than 0.0001 in the decaying region have been 
set equal to zero. 

1 

We have used here the ’’presentation mesh” of Herman and 
Skillman as our ’’integration mesh”. This is a 110-point mesh containing 
various blocks, each of which consists of ten points and corresponds to a 
characteristic (Sx value. The (Sx values double themselves as we go from 
one region to the adjacent outer region. The innermost region corresponds 
to (Sx = 0.01 a.u. 


Formula ( 2.15 ) Is used for each of the blocks and the integration 
2.16 is performed block-wise. 

x=b 

To evaluate the integral f F ,(x) dx for a block x = a to 

x=a n± 



- b we utilize the mesh points of this block. If there are J entries in 
this block we have 


*1 = a 
Xj = b 

&x = (b-a)/j 


> (2.18) 


From equation (2.15) with f 1 = 7^ (x) we get 


x=b 


X=Xt 


F nl (x) ^ = \ F nl (x) 


x=a 


x=x. 


(fj-fp = (fg-%) + (f 3 -fg) + (f 4 -f 3 ) + .... + (fj-fj^) 
Jr 

j=l *•“ 0=1 


= i(5*) 


5 ( F nl (x j+1> + F rl <:c J > } - 55 g + ^rl^} 


11 

720 




(2.19) 


It is obvious from this equation that in order to include 
differences upto fourth it is necessary to have two extra entries at both 
the boundaries of the block. Hence, for this purpose, each block is first 
properly overlapped with its two adjacent blocks before the integrals are 
evaluated for each of them. Finally, the net integral (2.16) is obtained 
by summing the contributions from the various blocks. 

Utilizing the values of the integrals (2.16) for m = 2 and 
m = - 1 for the various spin-orbitals of the atom in equations (2.3) and 
(2.10) through equations (2.14) we finally calculate and Ggjg values 

for the atom. 



A FORTRAN computer program has been written for this purpose, 
it takes the desired atonic wave functions one by one and calculates the 
corresponding and values. It also provides necessary and 

useful intenediate results such as {r 2 ) ^ and {(l/r))> ^ integral for 

each orbital, contributions from each block of a given orbital and 
contributions to the integrals from the second difference term, as well as 
from the fourth difference term in each block of a given orbital. In a 
single run the program can handle data for several atomic systems. 


II. 4 RESULTS AND DISCUSSION 

The diamagnetic susceptibility values and nuclear magnetic 

shielding constants of the rare gas atoms calculated using 110-point 

HF3 wave functions of ref. 1 are given in Tables II. 1 and II. 2 respectively. 

These tables also compare the present calculations with other calculations 

i 3 — pa 

using Her tree (H) or Hartree-Foek (HF) wave functions ” . 

Roothaan and Weiss calculated the suceptibility of He using 
correlated wave functions of both closed-shell and open-shell type and 
their results are not very different from the value -1.887x10 
cgs emu/mole. The experimental value chosen by these authors for 
comparison is that of Wills and Hector who obtained a value -1.88x10 

cgs emu/mole. The recent measurements of susceptibility of He by 

_ 29 —6 

Barter et al. " have, however, yielded a value of -2.02 + 0,08x10 

cgs emu/mole. The difference between and 9 ^^ ! va ^- ues ^ or He is 

more than the uncertainty quoted in the measurement of Barter et al. Our 

"Xgpg value for He is in good agreement with that of Barter et al. The 

agreement between values and the experimental data for neon, argon 
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and krypton is also very good. The agreement between our X^^ values and 
values reported by Malli and Fr&ga''’ using analytic HF wave functions 
is also satisfactory. However, the present } value - for Xe is less 

than both the corresponding J "X ex p^i } and the J Xjrp ( (ref. 29) values by 
nearly 4$ and 2 % respectively. It may be pointed out that these differences 
in the X-jjpg value for Xe from the corresponding 'Xgp* an d ■^- e 3 q ) tl Ta ^ u8a 
can now be ascribed to the use of a 110 -point mesh for the integration. 

As we shall see in Chapter III when we use a finer mesh of 441-point the 
resulting "X-gjig value (-45.95x10**® cgs emu/mole) agrees well with Xgj, and 
also with X expU values. Further our Xgpg value sjklso agree fairly well 
with those of Strand and Bonham (see footnote c of Table II. l) for He and 
Ne. But the difference between our values and theirs increases as we go to 
At- and Kr which might indicate that the analytic fit to the HF potential 
obtained by these workers is not satisfactory for higher Z values. 
Calculations for the diamagnetic susceptibility of radon using H or HF wave 
functions do not appear to have been done so far. The X eX p^i_ value for 
radon is also not available. On the basis of the excellent agreement with 
experiment obtained for the X values for rare gas atoms upto Xe it is 
believed that the X^, value of -59.37x10*"° cgs emu/mole for radon reported 
here is fairly reliable. 

It is seen from Table II. 2 that, in general, values agree 

31 

best with values reported by Malli and Fraga using analytic HF wave 

functions. In particular, we notice that, for helium Qjp and (jgjg 

differ almost negligibly; for neon, argon, krypton and radon < 3 ^, is less 
than Gjjps* While the agreement between our values and < 3 ^, values 

is quite good for Kr, Xe and Rn it is seen that the values calculated by 




Dickinson by interpolation differ significantly. The accuracy of 
such interpolated values is not therefore high. 


Our Ojjfpg values are generally slightly higher than other quoted 
values. Since O' values bear a direct relationship to the potential 
produced by the electrons of the atomic system at the site of the nucleus 
we may concluded that HFS wave functions yield a slightly higher value for 
this potential in comparison to HF wave functions. A 3 pointed out earlier 
in Chapter I the HFS wave functions of Herman and Skillmari*’ have been 
obtained by modifying the Slater averaged exchange potential in the outer 
regions ("tail correction") while a correction needed for the inner regions 
has not been made. It is probable that this feature is responsible for 
the observed behaviour in the calculated (Jgpg values. Additional 
evidence for this fact is forthcoming from the values which agree 

very well with and X ^ q values and it may be pointed out that 


X 


values are sensitive to the outer regions of the orbitals, 


52 55 

Tong and Sham and Cowan et al. have recently obtained seme 
rare gas atom wave functions using HFS procedure but with an exchange 
potential which is 2/3 that given by Slater (vide Chapter I) . The 

justification for the use of a reduced Slater exchange potential has been 

54 55 

given by Kohn and Sham and independently by Cowan et al. Both these 

groups of workers (ref. 32 and 33) did not find it useful to make the tail 

correction of Herman and Skillman for the Slater exchange potential. 'Tong 

and Sham, who obtained r 2 ) values for Ne, A r and Kr, have also 

investigated the effect of including correlation in the wave functions 

following the method, of Kohn aid ShanT^. Cowan et al. have made available 

]TX(l/r))> and ]>j(r 2 ^ values for argon only. It is of great interest 



to compare the X and CT values obtained using reduced Slater potential with 
Or ]?3 va -^ ues obtained in this work and with the < 3 ~_, values » We have 
therefore used the expectation values {(l/r)) and XX(X))> given in 
references 32 and 33 and calculated X and CT values . The values obtained 
using the reduced Slater potential will be referred to as Xg-pgt and 
Grps! • ^ rom the data given by Cowan et al. for kc we thus find 

_5 

Qjjjg, - 123.48x10 . This may be compared with ( 3 ^, and Ggpg values 

(vide Table II. 2 ) of 123.76x10 2 and 125.40x10”^ respectively. It is seen 
that the use of the reduced potential yields a C T value which is very close 
t° Grtp’ one lises HPS wave functions for argon obtained with 

unmodified Slater exchange potential (without the tail correction) one 
obtains a CT value of 125.49xl0” 5 . This clearly indicates that the tail 

correction does not affect the G~ values very much and again confirms our 

earlier remark on Grpr and the need for correcting the exchange potential 

1 

for the inner regions as well in the formalism of Herman and Skillman . 
Multiplying the Slater exchange potential by a constant factor two-thirds 
as done by Kohn and Sham and other workers yields better agreement for the 
inner regions as justified by the value for argon. The HES ’ wave 

functions thus resemble very closely the HF wave functions in these inner 
regions. However, a uniform alteration of the exchange potential for 
all regions does not seem to yield the desired results. This can be seen 
from the X TTTnc ,. values for Ne, Ar and Kr calculated from the data of Tong 
and Sham 22 . These values are summarized in Table II. 5 along with 

% w , Xgjg and X exptl# values. It is seen here that I X^, I (column 3 
of Table II. 3; are larger than | X^l and | Xgy I as well as experimental 
values. Even approximate inclusion of correlation following the method of 
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Kolin ana Sham does not appear to improve the results much although it 
somewhat reduces the , values. 

Gowan et al, have quoted ^TYr~ / ) value for argon using HFS 

scheme but without the tail correction of Herman and Ski liman. The 

value corresponding to this wave function is -18.477x10“® cgs amu/mole 

which is much larger than our value (-19.17x10“® cgs emu/mole). This 

clearly indicates the importance of the tail correction for the outer 

region of the wave functions especially in the HFS scheme. It has been 
33 

reported that tail correction in the HFS ' scheme yields poorer results. 

In view of the above discussion it would be of Interest to try 
out two modifications of the HFS scheme in relation to X and CT value for 
rare gas atoms. Ienander “ has proposed an empirical factor 4/5 instead 
of 2/3 for reducing the Slater exchange potential. One could employ the 
tail correction of Herman and Skillman along with Lenander's 4/5 factor 
and compute X and CT values. Alternatively, one could employ the 
Herman-Slillman approach but Include a correction in the Slater's exchange 
potential for the Inner regions also. To our knowledge, a comparison 
between such results and HF values as well as experimental values has 
not yet been made. 

Table II. 4 gives the values of one-electron (t^ and 

^(l/r))> gpc, integrals for the various orbitals of helium and neon. A 

comparison of these integrals has been made with those of Sidwell and 

58 ■ 18 20 

Hurst who have reported their values using HF wave functions ’ . The 

agreement between our results and theirs is satisfactory. aJ3J * 

( (l/r) y ggg values for the various orbitals in the other rare gas atoms 
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obtained with 441 -point mesh are presented later in Chapter III. 

-i 

It will be worthwhile to discuss here some aspects of the details 
of the integrations done here for evaluating various expectation values. 

As has been pointed out in section 3, beyond the cut-off value of x 
(i« e * the values of P , (x) are less than 0.0001 and they have been 

put equal to zero in the tables of ref. 1. Our experience in using these 
wave functions shows that this cut-off is not a serious handicap in the 
calculations since the contributions to the present integrals from the 
outermost regions are not significant. Although we have included the 
contributions from the outermost region, it may be pointed out that when 
the values of x are such that (x) values are less than 0,003, the 
magnitude of the -contributions to the present integrals from such outer 
regions is so small as to be almost negligible. 

The HIS wave functions used here are non-relat ivist ic and are 
therefore not quite accurate for heavy atoms especially for inner orbitals 
where the electrons move with speeds comparable to the speed of light. 
Further, for such atoms the inner orbitals become very much contracted 
with the result that P^Cx) is a rapidly varying function of x. Since 
the x values corresponding to various blocks are common for all the 
orbitals and atoms the entries in the x vs. P(x) tables for these inner 
orbitals are smaller in number. Consequently, for such orbitals errors 
in the numerical integration are likely to occur. This can be avoided by 
the use of smaller (5x values for the various blocks. Use of the 441-point 
integration mesh of Herman and Skillman 1 would therefore be better. As 
for as the values are concerned, the errors due to use of 

non-relativistic wave functions will not be much since the contributions 
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to "X values free the outer orbitals are much more than thos£ from the 
inner orbitals. On the other hand CQ_._ values can be improved 
especially for heavier systems using relativistic HFS wave functions 
because the electrons nearest to the nucleus contribute the most to CT 


values. It may be pointed out here that recently relativistic HFS wave 
functions have started appearing in the literature. No attempt has, 
however, been made here to use these wave functions. 


II. 5 CONCLUSION 

Since the wave functions of the rare gas atoms can be represented 
by a single determinant, those systems provide us with an opportunity to 
evaluate the merits and demerits of the HFS wave functions. The results 
obtained here with HFS wave functions are very encouraging. It has been 
shown that the diamagnetic susceptibility values CXgj*.) obtained from HFS 
wave functions are as good as those obtained from HF wave functions. On 
the other hand the nuclear magnetic shielding ( G^,) values are uniformly 
higher than GGp. A reduction of the Slater exchange potential appears 
to improve the results of C7~. The need for tail correction in the outer 
regions of the Slater exchange potential has been pointed out. From a 
discussion of the available results using reduced Slater exchange potential 
it is concluded that such a uniform reduction in the exchange potential 
may not by itself lead to better results . The need for correcting the 
potential in both the inner and outer regions has been emphasized. 
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CHAPTER III 


HARTREE-FOCK-SLATER WAVE FUNCTIONS AND 
MAGNETIC PROPERTIES OF ATOMS AND IONS* 


III.l INTRODUCTION 

In Chapter II it has been shown that diamagnetic susceptibility 

and nuclear magnetic shielding values of rare gas atoms can be calculated 

to a good degree of accuracy using Hartree-Fock-Slater wave functions of 

1 

Herman and Skillman . The s5.ngle determinantal form of the HFS wave 
functions leads one to expect that these wave functions will be equally 
well suited for other closed-shell systems. In an attempt to check on 
the reliability of these wave functions also for ions having closed shell 
configurations and values were calculated for the following 

-}- 4 -f _ 4. 44- 444 

six isoelectronic series: He, Li , Be , B ; F , Ne, Na , Mg , A1 ; 
C1 , Ar, K , Ca , Sc ; Er , Kr, Rb , or , Yt ; I , Xe, Gs , Ba , 

■ t - I-. | - aL. 4 ..4 < 4" 4" ' 

La J At, to, Ft, Ra, Ac . 

# Part of the work presented in this Chapter is due to appear in the 
International Journal of Quantum Chemistry (1967) . 



The method of calculation is the same as that adopted in 
Chapter II. However, there are seme additional features of the present 
calculations such as the use of a finer mesh of 441-point in the numerical 
integrations. These are discussed in section 2 of this Chapter. 


The calculated and CC_ c . values are reported in section 

5 where they are compared with other available calculations and the results 
are also discussed there. Using the present values of G^, for the rare 
gas atoms the variation of G^-pg with Z, the atomic number, has been 
expressed as a polynomial and thus shielding values for .all neutral atoms 
with Z = 2 to Z = 100 could be obtained. The extrapolated values have been 
checked at points Z = 6, 14, 27, 45 and 70 where direct calculations of 
Gj^pg using the wave functions were also made. The CX-pg values of atoms 
and ions in the above-mentioned isoelectronic series reveal rather 
interesting trends which could be detected in the present calculations 
because of the use of a self -consistent set of wave functions (the HFS wave 
functions) throughout the calculations. For example, in a given isoelectronic 
series it has been found that as one goes from the neutral rare gas atom 
to the next singly charged positive isoelectronic ion, the G^pg value 
increases by a certain amount, say ( 5 + . If now one calculates the G^pg 
value for a doubly charged positive isoelectronic ion it turns out that the 
shielding increases further by almost the same amount, & + as compared to 
the singly charged positive isoelectronic ion. This feature las been 
confirmed for all positive ions upto triply charged ones and for all the 
six isoelectronic series. Further, it has been also found that < 5 + itself 


varies as one goes from one isoelectronic series to the other. It has also 
been observed that as one goes from a rare gas atem to the corresponding 



isoelectronic singly charged negative ion the shielding value decreases by 
an amount (S_ and that = ($ + for all the rare gas atoms. (S is in fact 
slightly greater than (S + in all the six isoelectronic series. Unfortunately, 
our calculations are limited in this regard only to singly charged negative 
ions due to the problem of obtaining HF3 wave functions for negative ion 
with charge more than or equal to two. The nature of this problem is 
discussed in section 2, However, on account of the well-established trend 
with regard to the positive ions and the fact that *S_ - 5 + for all rare 
gas atoms we have been able to obtain a closed empirical relation for 
extrapolating the O^g values for atoms and ions in general. The details 
of the derivation of this relationship is given in section 3. We have used 
our expression to extrapolate the C^g values for neutral atoms, singly, 
doubly and triply charged positive and negative ions from Z = 2 to Z = 100. 
The values thus extrapolated are compared with those obtained by direct 
calculation using HFS wave functions. 


In section 4 values of the various one electron <(r^ gjg and 
(( I/t)^ jjpg integrals are reported. Some interesting features with regard 
to the variation of ^(l/r)} values with respect to Z, the atomic 
number, n, the principal quantum number and 1, the azimuthal quantum number 
have been observed. These are also discussed in this section. 


Section 5 of this Chapter includes a discussion of an alternative 

method of evaluating values for various isoelectronic series. This 

o 

method is based on the concept of stability of SGP wave functions under 
one-electron perturbations and requires the knowledge of the Z-dependence 
of the total energy values in the isoelectronic series. Since the total 
HES energy values are not available readily, the method has been 



demonstrated in an Appendix where 0^, values for neutral atoms and singly, 
doubly and triply charged positive and negative ions in various iso- 
electronic series containing two to tventyseven electrons have been 

% 

evaluated. Use is made of the total HF energy values reported by Clementi 
an his work on analytic HF wave functions of positive ion isoelectronic 
series including neutral atoms. The values obtained here seem to be 

a-s good as those obtained by direct calculation using these HF wave 
functions . 

III. 2 DETAILS OF CATCTTT.ATTOW.q 

The theoretical aspects of the quantum-mechanical calculation of 
'^“HFS an< ^ ^HFS ^ or ^ e var d ous systems undertaken here are the same as 
those given in section 2 of Chapter II. The numerical procedure adopted 
here for evaluation of various one-electron integrals is also the same as 
that adopted for the calculation of 'X- a ~ c and Cl™ values for the rare gas 
atoms (see Section 3, Chapter II) . 

In order to achieve greater accuracy in the present work we have 
used here the 441-point HFS wave functions. As already indicated in 
section 4 of Chapter II, for fast-varying functions significant errors 
might result, by the use of a smaller size mesh. Thus, it has been found 
that, whereas most of our earlier results (Chapter II ) obtained with 
110-point mesh are not significantly altered, with the use of a finer 
441-point mesh, a slight discrepancy could be detected in the case of xenon. 
Here it was observed that the value of the diamagnetic susceptibility 
calculated with the 110-point mesh was -43.93x10"’° cgs emu/ mole whereas the 
value obtained by integration with the 441 -point mesh wave function is 

7757 ^ 



demonstrated in an Appendix where values for neutral atoms and singly, 
doubly and triply charged positive and negative ions in various iso- 
electronic series containing two to twentyseven electrons have been 
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evaluated. Use is made of the total HF energy values reported by Clemerrti 
xn his work on analytic HF wave functions of positive ion isoelectronic 
series including neutral atoms . The Cv^ values obtained here seem to be 
a-s good as those obtained by direct calculation using these HF wave 
functions . 

III. 2 DBTAIIS OF CALCULATIONS 

The theoretical aspects of the quantum-mechanical calculation of 
^HFS an( ^ ^HFS ^ or "k* 16 var ^ ous systems undertaken here are the same as 
those given in section 2 of Chapter II. The numerical procedure adopted 
here for evaluation of various one-electron integrals is also the same as 
that adopted for the calculation of and values for the rare gas 

atoms (see Section 3, Chapter II) . 

In order to achieve greater accuracy in the present work we have 
used here the 441-point HFS wave functions. As already indicated in 
section 4 of Chapter II, for fast-varying functions significant errors 
might result, by the use of a smaller size mesh. Thus, it has been found 
that, whereas most of our earlier results (Chapter II) obtained with 
110-point mesh are not significantly altered, with the use of a finer 
441-point mesh, a slight discrepancy could be detected in the case of xenon. 
Here it was observed that the value of the diamagnetic susceptibility 
calculated with the 110-point mesh was -43.93x10’”° cgs emu/ mole whereas the 
value obtained by integration with the 441 -point mesh wave function; is 

7 * 7 ^ 7 '/ 



demonstrated in an Appendix where values for neutral atoms and singly, 
doubly and triply charged positive and negative ions in various iso- 
electronic series containing two to twentyseven electrons have been 
evaluated. Use is made of the total HF energy values reported by dementi 
m his work on analytic HF wave functions of positive ion isoelectronic 
series including neutral atoms. The C^p values obtained here seem to be 
a-s good as those obtained by direct calculation using these HF wave 
functions . 

III. 2 DETAILS OF CATfiTTT.&TTOTJS 

The theoretical aspects of the quantum-mechanical calculation of 
"^HFS an( ^ ^HE3 ^ or var i° us systems undertaken here are the same as 
those given in section 2 of Chapter II. The numerical procedure adopted 
here for evaluation of various one-electron integrals Is also the same as 
that adopted for the calculation of and values for the rare gas 

atoms (see Section 3, Chapter II) . 

In order to achieve greater accuracy in the present work we have 
used here the 441-point HFS wave functions. As already indicated in 
section 4 of Chapter II, for fast-varying functions significant errors 
might result, by the use of a smaller size mesh. Thus, it has been found 
that, whereas most of our earlier results (Chapter II) obtained with 
110-point mesh are not significantly altered, with the use of a finer 
441-point mesh, a slight discrepancy could be detected in the case of xenon 
Here it was observed that the value of the diamagnetic susceptibility 
calculated with the 110-point mesh was -43.93x10”° cgs emu/ mole whereas the 
value obtained by integration with the 441 -point mesh wave function is 
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-45.948x10 cgs emu/ mole and this latter value is in very good agreement 
with the experimental "value of -45.54 + 0.70 x 10 ^ cgs emu/mole reported 
by Barter et alf Our new value is also in good agreement with the value 
obtained recently by Malli and Fraga^ who used Hartee-Fock analytic wave 
functions. A comparison of the HFS wave functions on the 110-point and 
441 -point, mesh clearly revealed the nature of the trouble as due to the 
somewhat inadequate representation in the former case of the functions at 
regions where it was varying fast . A Herman-Skillman type HFS program was 
used on IBM 7044 computer at Kanpur to obatin the required wave 

functions on the 441 -point mesh. 

It may be pointed out that, while using the Herman-Skillman 

type HFS program the self consistency criterion , (MSCF) for the modified 

HFS potential in the form rV Q (r) was taken to be 0.001. This guarantees 

that the potential rV Q (r) is self-consistent to at least 1 part in 1000. 

The eigenvalue accuracy cretirion was chosen to be 0.00001. The 110-point 

mesh wave functions used by us in our earlier work (Chapter II) were from 
1 

the book of Herman and Skillman which were reported in an abridged form 
and their listing terminated towards their exponentially decaying regions 
when they became less than 0.0001. This is, however, not so with the 
unabridged 441-point mesh wave functions obtained directly in the present 
work using a Herman-Skillman type HFS program. This information is 
available to eight significant figures . Thus in the present work in 
addition to the fact that the mesh is finer, the entries used have eight 
significant figures. The unabridged numerical information about the radial 
wave functions was directly put onto a magnetic tape in an appropriate form 
which facilitates the use of our susceptbility and shielding computer 



program* Thus while preparing this input tape, the various blocks of the 
441-point mesh were properly overlapped at their boundaries by suitably 
modifying t,he"HFS Have Functions" program. 

As reported in section 1 of this Chapter, our calculations of 

"^HFS anc ^ ^jTFS no "k "the doubly and triply-charged negative ions. 

/ 

This is due to the problem of obtaining convergence in the "HFS Wave 

Functions" program which is serious for the case of negatively charged ions. 

Inspite of our several attempts to obtain convergence in the HFS Wave 

Functions program for doubly and triply charged negative ions we have been 
6 

unable to obtain it . Even in the case of a singly charged negative ion: 
like F we have noted that the convergence problem is quite serious since no 
convergence could be obtained by us within the usual 40 iterations for this 
system. We could, however, obtain convergence for F~ after 82 iterations! 

It seems to us that the problem of obtaining bound states in the Hartree- 
Fock-Slater model with the addition of electrons to a given atom needs 
further attention. 

Ill .3 RE SULTS AKD DISCUSSION; EXTRAPO LAT ION OF SHIELDING VALUES 

FOR ATOMS AND IOKS El GENERAL Z-POLYUOMIAL FITTING 

The diamagnetic susceptibility values and nuclear magnetic 

shielding constants of atoms and ions with closed-shell configurations 

calculated using the 441-point HFS wave, functions are given in Tables 

5 7—20 

III.l and III. 2 respectively where results of other calculations * are 
also included in footnotes. The agreement is found to be satisfactory^ 
in general. However, it can easily be seen from these tables that just as 
in the case of rare gas atoms (Chapter II) a slight disagreement creeps in 
as one goes to higher Z values. This is probably due to relativistic effects 
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the HFS wave functions used here being non-relativistic. For the case of 

4- 0*1 

Li , Tong and Sham have given ^TVr^)> , value using HFS' wave 

functions with approximate inclusion of correlation (see Chapter II) » 

Their value corresponds to X^, = -Q.743xl0" 6 cgs emu/mole. It may be 
noted that this value is even higher than our X^pg value. Tong and Sham 

O 4. 

have also given ^P^r )>npg t values for Na with and without correlation. 

The corresponding Xjjpg, values are -5.239xlO~® cgs emu/mole and 
—6 

-5.286x10 cgs emu/mole. Again it is seem that these values are higher 
that "Xgpg values and that the inclusion of correlation affects the 
value only slightly. The X^p values reported by Malli and Fraga^ for Li + 
and Na are -0.706x10 cgs emu/mole and -5.078x10"° cgs emu/mole. The 
reduction in the Slater exchange potential used in the HFS’ scheme does not 
appear to bring X^g, values closer to X^p* 


From the values of GJjpg Tor neutral atoms at the points 

3 = 2, 10, 18, 36, 54 and 86 it is observed that CTpg Increases as one 

goes to higher and higher Z values. Similar behaviour is true for or 

C^-, and several workers have tried different formulae to extrapolate the 

nuclear magnetic shielding values especially for those atoms and ions for 

which the direct calculation is not possible due to non-availability of 

17 

the wave functions. For example, Lamb derived the fallowing expression 
for the nuclear magnetic shielding using Thomas -Fermi-Dirac model of 
the atom. 


CT(Z) = 


18 


(3.19) 
,(io 5 ) . 


4 

(Z)3 


(3.1) 


Malli and Fraga“”' extrapolated the nuclear magnetic shielding 
constants for neutral atoms and singly-charged positive and negative ions 
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from Z - 2 to Z - 107 by fitting a three-parameter formula of the type 

CftZ) = k (Z» - s) (5.2) 

to the values calculated directly using analytic HF wave functions. Here 
Z 1 stands for the number of the electrons in the system with atomic number 
Z and k, s and t are the three parameters . 

We have used, however, a general polynomial in Z to extrapolate 

the nuclear magnetic shielding constants of neutral atoms . Using our 

values of G^g for neutral atoms with Z = 2, 10, 18, 36, 54 and 86 

(column 5 of Table III ,2) we tried to fit a polynomial using the least 
22 23 —1 

square technique ’ . A tolerance of 0.1x10 was specified but it was 

found that with the limited number of points, namely six, the best possible 

polynomial was the following fourth-order polynomial with the standard 

-1 

error 0,4x10 : 

CJ-j^gCz) = (a o ) + (b 0 )Z + (c o )Z 2 + (d o )Z 3 + (e o )Z 4 (3.3) 

where, 

a = -2.92634 
o 

b = 4.07000 

o • 

c o = 0.204929 \ (3.4) 

d = -0.21 23 61x10*" 2 
o 

and e = 0.103 51 5X10"* 4 

° 

If A"(Z-1), B(Z), C + (Z+1), D ++ (Z+2) and E +++ (Z+3) represent 
an isoelectronic series containing a closed-shell atom B with atomic 
number Z, it can be easily seen from Table III. 2 (each row of which 
corresponds to an isoelectronic series) that in general, ( - G^) , 
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(G^++ - .G^+) and (G^j -44 - G^++) are almost equal to each other and are 
individually slightly lower than ( Cj^ - C^_) • This feature of the six 
isoelectronic series is evidCent from Table III. 5. 

Using values of tS . ( at the points Z = 2, 10, 18, 36, 54 

* Q.V ♦ 

and. 86 (column 7 of Table III. 3) and those for (S_(Z) at the points 

Z = 10, 18, 36, 54 and 86 (column 3 of Table III. 3) we fitted polynomials 

for them using again the method of least squares with the tolerance 
-1 

0.1x10 . Here also we found that with the limited number of points 

available the best possible polynomials were the following fourth-order 
polynomials with standard error 0.38 for 6 + (z) and negligible for 6_(Z> : 


and 


where 


and 


6 + (Z) = (a + ) + (b + )Z + (c + )Z 2 + (d + )Z 3 + (e + )Z 4 (3.5) 

■tS (Z) = (a J + (bJZ + (cjz 2 + (d_)Z 3 + (eJZ 4 (3.6) 


a, - 2.56859 

T 

b + = 0.551632 

c + = -0.137827X10” 1 \ (3.7) 

d. = 0. 182593x1 0"" 3 

+ 

e, = -0.878065x10”^ ■ 

T* ^ 

a_ = 5.25192 

b_ = 0.182718 

c_ = 0.217841x10” 2 > (3.8) 

d_ = -0.803085X10” 4 

e = 0.55406axl0” 6 
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Although the HFS wave functions obtained are of the single 

determinantal type the O' results for non-closed shell systems are expected 

18 

to be fairly reliable since it has been shown that the contributions from 
states other than ground do not alter the results significantly. Hence, by 
properly combining the polynomials for C^g(Z) , (S + (Z) and <5(Z), one can 
write a general extrapolation formula for nuclear magnetic shielding 
constants. Thus, we have the following formula for Gg|^(Z+n) which is the 
HFS nuclear magnetic shielding value for an ion having the charge + n, 
nuclear charge Zjn and being isoelectronic with the neutral atom with 
atomic number Z: 

G^Zjn) 

= ^ (Z) ± 

= |(a o )+n(a + )^ + <^(b Q )+n(b + )^Z + ^(c Q )+n(c + )^Z 2 + ^(d 0 )+n(d + )^Z 3 

+ {(e o )±n(e + )^Z 4 (5.9) 

Note that as n tends to zero, equation (3.9) goes to equation (3.3) . 

Employing equation (3.9) we have extrapolated the nuclear 
magnetic shielding constants for neutral atoms (Z = 2 to Z = 100) and for 
singly, doubly and triply charged positive and negative ions in the 
ninetynine isoelectronic series. These values are listed in Table III. 4. 

In order to check the degree of accuracy of the extrapolation within 
the frame-work of self-consistency of HFS wave functions we have also 
directly calculated the nuclear magnetic shielding constants for a few 



Extrapolated Values of HIS Nuclear Magnetic Shielding ( O^p^xlO ) for Atoms with Z=2 to Z=100 and Isoelectronic Ions 
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Table III. 4 (Continued) 
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atoms and. ions . These are listed below: 


Atom/ ion 

G llF3 Xl0 

G (Z=6) 

26.57621 

Si (Z=14) 

88.74195 

Go (Z=27) 

218.9905 

Rb (Z=45) 

443.7413 

Yb (Z=70) 

813.9327 

Rb + (Z=45) 

443.1881 

Go^ (Z=27) 

216.4498 


From Table III .4 the extrapolated values for these constants are 
found to be 28.42582, 88.79022, 220.0591, 444.1585, 806.2670, 443.2170 and 
218.2769 respectively. As can be seen here all the extrapolated results 
excepting that for carbon agree with the directly calculated values within 
about 1$. Unfortunately we could not check the values for negative ions 
due to reasons explained earlier in section 2. 


For the neutral atoms from Z = 2 to Z = 86 recently Froese and 
20 , 

Mali! have reported values calculated using numerical HF wave 

functions. We shall therefore first compare our extrapolated values 

for the neutral atoms with these available values. For this purposes let 
us define a percentage parameter kh as follows : 


k\ - 


G^p(cal.) “• Otnpq («<*•) 


HFS 


OJp^al.y 


x 100$ 


(5.10 


We find that from Z = 10 to Z = 86, |kh.J remains less than 
2.06$, the two values agreeing most favourably in the higher Z ( ^ 44) 
region where j Zh j is less than 1$. On the other hand, in the lower 



Z region (Z<10), |khj is larger as' compared to value of 2.06 for the 
Z region 10 to 86. |Zh| value is significatly high f or Z = 4 and 5. 

For comparison of (extrapolated) values for the neutral 
atoms reported by Malli and Fraga 18 with the (calculated) 20 values 
show that in this case a Zh! defined as 


Zh< 


>HF 


(cal) 


UgpCext.) 


o^iT * 10058 


(3.11) 


has values less than 1 % between Z = 11 to Z = 86. From Z = 2 to Z = 10 we 
find that I Z\' | has higher values, especially for Z = 4 and 5. 


It is quite clear that the HF values extrapolated by Malli and 

18 

Fraga compare better than our HFS values with the HF values directly 

20 

calculated by Froese and Malli . However, comparing our directly calculated 
CT^pg values with the directly calculated values reported by Froese 

and Malli" for the neutral atoms in the higher Z regions (see for example 
the case of Xe and Rn, where our extrapolated valuss compare well with our 
directly calculated values) we find marked differences, namely, our values 
lie slightly above the values. Hence, there is little wonder that our 

extrapolated Oppg values do not agree so well with the directly calculated 
O^p values of Froese and Malli in the higher Z regions. On the other 
hand, we note that for the lower Z region the disagreement between the 
(calculated) values on the one hand and O^p (extrapolated) or 
(extrapolated) values on the other hand is marked. 

We shall now compare our extrapolated values for singly 

charged positive and negative ions as well as neutral atoms with 

18 

corresponding O^p extrapolated values of Malli and Fraga . 


We shall do 



this with help of a parameter ZX' defined as 


ZX» 


t { ext . ) "■ (ext • ) 

’ Cr^ext.) 


x 100$ 


(3.12) 


The behaviour of ZX" can be summarized as follows; 

(i) For Negative Ions 

ZX" is maximum (+18.89$) at Z = 3 and decreases rapidly with 
increasing Z till it becomes +1.43$ at Z = 6. After this, it becomes 
negative and remains so till Z = 39. In this region IZX'M first increases 
from a value 0.'28$ at Z = 7 to a value 3.03$ at Z = 15 and then decreases 
slowly to a value 0.03$ at Z = 39. From Z = 39 to 99 ZX" again remains 
positive and in this region it increases slowly from a value 0.15$ at 
Z = 40, attains a maximum value 6.18$ at Z = 84 and then decreases to a 
value 4.94$ at Z = 99. 


(ii) For Neutral Atoms 

/\" remains always negative excepting in the region Z = 70 to 

Z = 78 in which ZX" is positive and is less than 0.06$. In this case also 

it is found that Jzx"| has larger values in lower Z region, for example 
between Z = 3 to Z = 7, 4.62$ <( [ ZX" [ <( 7.26$. In the region Z = 8 to 
Z = 14 jzx"[ y 2.0$ and it decreases as Z increases. From Z = 15 to 
Z = 53 j ZX" j y 1.0$ and in this region also j ZX" j decreases as Z increases 

From Z = 54 to Z = 89, | ZX"| <( 1.0$ and this region includes the region 

where ZX" changes sign. From Z = 90 to Z = 100 |ZX»J increases from the 
value 1.11$ at Z = 90 to a value 3.34$ at Z = 100. 



(iii) For Positive Ions 


From Z = 3 to Z = 12 A" is negative. At Z = 3 it has the value 
-26.36$ after which it increases rapidly till it becomes -0.31$ at Z = 12. 
From Z = 13 to Z = 24 Z!" remains positive and varies from a value 0.03$ 
to a value 0.06$ with a maximum of 0.55$ at Z = 17. From Z = 25 to Z = 101, 
4-\" j increases slowly from a value 0,05$ to a value 8.31$. The marked 
rise in ZA" values in the lower Z region (Z = 3 to 6) may be noted. 

t , 

It may be remarked here that the extrapolation of O values by 

polynomial fitting has not been reported elsewhere in the literature. 

18 

Malli and Fraga have used quite a good number of equidistant points with 
the spacing iSz = 1 to obtain the parameters in their extrapolation 
formula. A procedure like ours may yield better results provided one uses 
many more number of equidistant points for the polynomial curve fitting 
of Og FS (Z), tS + (Z) and ijz). The assumption that in an isoelectronic 
series the variation of with n is linear (see eqn. 3.9) appears to 

be satisfactory for singly charged negative ions and singly, doubly and 
triply charged positive ions (se'e Table III. 3) . However, if one also takes 
into account the fact that in an isoelectronic series the variation of 
^HFS n n0 "k strictly linear the extrapolated results will be still 

better. 


III. 4 0NS-EL3GTR0N (r 2 ) HFS AND ((l/r)> ^ INTEGRALS 

In Tables 111.5(a) to III. 10(b) we give the one-electron 
(^(l/r)y FF g and ^ r ^jrpg integrals for the six isoelectronic series 
having closed shell configurations . 



TABLE 111.5(a) 

One Electron *(l/r Integrals For He and Ke-Like Ions 

( in atomic units ) 


fWM 4- , 


Atom or Ion 


urDixai 

He 

Li + 

_ ++ 

Be 



(Z=2) 

(2=5) 

(2=4) 

(Z=5) 

Is 

1.692555 

2.688816 

5.687247 

4.686590 


One 

Electron < (r^ / 

TABLE 111.5(b) 

) Integrals For He and He- 

( in atomic units ) 

•Like Ions 

Orbital 


Atom 

or Ion 








Hh 


-i t.-i- 

-rrnr 


He 

Li 

Be 

B 


(2=2) 

(2=5) 

(2=4) 

(2=5) 

Is 

1.253661 

.4562010 

.2358818 

.1438154 






TABLE III, 6(a) 

One Electron (l/r )> Integrals for Ke and Me -Like Ions 

( in atomic units ) 


Atom or Ion 


Orbital 



F“ 

(2=9) 

Ne 

(2=10) 

Na + 

(Z=ll) 

M ++ 

Mg 

(Z=12) 

•H-+ 

A1 

(Z=L3) 

Is 

8.686209 

9.674532 

10.66426 

11.65523 

12.64740 

2s 

1 .459702 

1.674208 

1.905055 

2.143141 

2.385024 

2p 

1.224343 

1.501521 

1.766667 

2.026862 

2.284320 




One Electron <(r^)> Integrals for Ne and Ne— Like Ions 

( in atomic units ) 






One Electron ^1/V> 


TABLE 111.7(a) 

Integrals for 
( in atomic units 


Ar--and Ar-LIke Ions 

) 


Atom or Ion 


Orbital — 

— + _ ++ _ +++ 

• Cl Ar K Ca Sc 

(Z=3L7) (Z=18) (Z=19) (Z=20) (Z=2l) 


Is 

16.61769 

17.61168 

18.60626 

19.60123 

20.59664 

2s 

3.335000 

3.574997 

3.816020 

4.058006 

4.300859 

2 P 

3.263073 

3.508145 

3.733712 

3.999774 

4.246315 

3s 

.9085731 

1.014082 

1.124725 

1.237171 

1.350244 

3p 

.7287677 

.8670131 

.9968465 

1.122329 

1.245018 





TABLE 111.7(b) 


One Electron 



Integrals for Ar and Ar-Lxke Ions 


( in atomic units ) 


Orbital. 


Cl” 

(Z=17) 


Atom or Ion 


Ar 

(Z=18) 


K 

(Z=19) 



(Z=20) 



(Z=2l) 


Is 

.0111167 

.0098877 

.0088511 

.0079688 

.0072117 

2s 

.2296437 

.1999384 

.1755656 

.1553302 

.1383553 

2p 

.1974789 

.1694872 

.1469993 

.1286661 

.1135280 

•3s 

2.740615 

2.190934 

1.778645 

1.472167 

1.239742 

3 P 

4.848103 

3.063240 

2.241863 

1.744289 

1.408489 




Orbital 


Is 

2s 

2p 

3s 

3p 

3d 

4s 

4p 


TABLE 111.8(a) 

One Electron ^l/V) Integrals for Kr and Kr-Like Ions 

( in atomic units ) 


Atom or Ion 


Br“ 

(Z=35) 

Kr 

(Z=36) 

Rb + 

(Z=37) 

^ CO 

oa + 

CO 

' Ylt* 
(Z=39 

34.56284 

35.56074 

36.55865 

37.55651 

38.55464 

7.690897 

7.933545 

8.176437 

8.419593 

8.662996 

7.681940 

7.926779 

8.171777 

8.416955 

8.662342 

2.555054 

2.655965 

2.757874 

2.860735 

2.964360 

2.451171 

2.555202 

2.660120 • 

2.765857 

2.872244 

2.213689 

2.331645 

2.448906 

2.565646 

2.681867 

.7924641 

.8595955 

.9295000 

.9998496 

1.069911 

.6172106 

.7136266 

.8008618 

.8830415 

.9618581 



TABLE 111.8(b) 


One Electron Integrals for Kr and Kr— Like Ions 

( in atomic units ) 




TABLE 111.9(a) 


One Electron <^l/r) Integrals for Xe and Xe-Like Ions 

( in atomic units ) 


Atom or Ion 


Orbital — 

I" Xe Cs + Ba** 

(3=53) (Z=54) (3=55) (Z=56) 


A . » » 

TTT 

La 

(Z=57) 


Is 

52.53380 

53.53245 

2s 

12.08436 

12.32968 

2p 

12 .10709 

12.35362 

3s 

4.425780 

4.531497 

Sp 

4.357952 

4.464928 

3d 

4.233984 

4.343754 

4s 

1.816629 

1.875521 

4p 

1.718907 

1.780066 

4d 

1.487501 

1.558119 

5s 

.6471380 

.6955125 

5p 

.5133094 

.5834614 


54.53112 

55.52980 

56.52852 

12.57497 

12.82035 

13.06592 

12.60022 

12.84698 

13.09369 

4.637411 

4.743518 

4.849828 

4.572061 

4.679354 

4.786814 

4.453545 

4.563369 

4.673244 

1.934812 

1.994505 

2.054509 

1,841549 

1.903352 

1.965407 

1.628314 

1.698118 

1.767506 

.7452553 

.7947942 

.8437100 

.6459941 

.7042430 

.7595786 




TABLE 111.9(b) 


Ons Electron 



Integrals for Xe and Xe-Like Ions 


( in atomic units ) 


Atom or Ion 


Orbital 



T 

(Z=53) 

Xe 

(Z=54) 

Cs + 

(Z=55) 

_ ++ 

Ba 

(Z=56) 

4~H- 

La 

(Z=57) 

Is 

.0010966 

.0010559 

.0010175 

.0009811 

.0009466 

2s 

.0177697 

.0170723 

.0164152 

.0157950 

.0152090 

2p 

.0133039 

.0127702 

.0122678 

.0117942 

.0113476 

3s 

.1209684 

.1155134 

.1104124 

.1056356 

.1011558 

3p 

.1152148 

.1097735 

.1047026 

.0999693 

.0955439 

3d 

.0961722 

.0911181 

. .0864518 

.0821338 

.0781297 

4s 

.6530695 

.6141442 

.5784314 

.5455954 

.5153800 

4p 

.7142121 

.6668985 

.6239877 

.5849632 

.5494163 

4d 

.9231758 

.8373293 

.7635982 

.6997714 

.6441481 

5s 

4.621491 

3.985993 

3 .472002 

3.062033 

2.730306 

5p 

7.995519 

5.754346 

4.613719 

3.870546 

3.335510 




T1BLE III. 10(a) 


One Electron { i / t ) Integrals for Rn and Rn-Like Ions 

( in atomic units ) 


Orbital 


At*" 

(Z=85) 


Atom or Ion 


Rn 

(Z=86) 


Fr 

(Z=87) 


Ra^ 

(Z=88) 


+++ 

Ac 

(Z=89) 


Is 

84.50423 

85.50267 

86.50208 

87.50115 

88.50028 

2s 

IS. 99218 . 

20.23963 

20.48709 

20.73459 

20.98212 

2p 

20.04333 

20.29148 

20.53962 

20.78786 

21.03601 

3s 

7.819240 

7.925555 

8.031947 

8.138420 

8.244972 

3p 

7.784354 

7.891396 

7.998502 

8.105675 

8.212918 

3d 

7.731000 

7.839436 

7.947901 

8 .056406 

8.164950 

4s 

3.485092 

3.542082 

3.599304 

3.656742 

3.714400 

4p 

3.406437 

3.464294 

3.522369 

3.580652 

3.639143 

4d 

3.245243 

3.305472 

3.365859 

3.426396 

3.487087 

4f 

2.972118 

3.039827 

3.107237 

3.174384 

3.241305 

5s 

1.543259 

1.582739 

1.622446 

1.662373 

1.702488 

5p 

1.446536 

1.488095 

1.529813 

1.571681 

1.613653 

5d 

1.216142 

1.265952 

1.315327 

1.364278 

1.412793 

6s 

.5901732 

.6292007 

.6689931 

.7082840 

,7468013 

6p 

.4685455 

.5269177 

.5780863 

.6251246 

.6693497 



TABLE 



Orbital 


At Rn 

(Z=85) (Z=86) 


Is 

.0004225 

.0004126 

2s 

.0065152 

.0063573 

2p 

.0047878 

.0046702 

5s 

.0397014 

.0386608 

3p 

.0363185 

.0353430 

3d 

.0276578 

.0268794 

4s 

.1836266 

.1779381 

4p 

.1857978 

.1797542 

4d 

.1887003 

.1817829 

4f 

.1910365 

.1814848 

5s 

.8443985 

.8049436 

5p 

.9491576 

.8989544 

5d 

1 .324399 

1.220740 

6s 

5.316570 

4.657310 

6p 

9.109462 

6.738046 


10(b) 



Atom or Ion 


Fr + 

(Z=87) 

_ ++ 

Ra 

(Z=88) 

, +++ 

Ac 

(Z=89) 

.0004031 

.0003940 

.0003851 

.0062051 

.0060583 

.0059166 

.0045569 

.0044476 

.0043423 

.0376600 

.0366969 

.0357697 

.0344057 

.0335047 

.0326380 

.0261329 

.0254168 

.0247294 

.1724939 

.1672811 

.1622870 

.1739843 

.1684728 ' 

.1632045 

.1752259 

.1690054 

.1630986 

.1726915 

.1645711 

.1570490 

.7680794 

.7335895 

.7013025 

.8525864 

.8096853 

.7699565 

1.130113 

1.050414 

.979913 

4.117835 

3.682630 

3.326413 

5.508361 

4.697481 

4.107246 





The contributions to A. and. vj from an electron in an atom 


are respectively proportional to average of the square and the average of 
the reciprocal of i^s distance from the nucleus. Hence ? the electron 
nearest to the nucleus will contribute largest to C T and least to "X. 

This fact is confirmed from the tables of the one-electron integrals 
given here. 


Let G~£jpg(Z, n, l) represent the contribution to G^g(Z)xlO*' 
of an atom or ion with nuclear charge Z from an electron with principal 


quantum number n and angular momentum quantum number 1. To explain the 
behaviour of n, l) we shall now discuss the quantity 

dO^^(Z, n, l) defined as 


dCT^z, n, 1) =0*J JS (Z, n, 1) -CT^, S (Z, n, l+l) (3.13) 

It is seen from the Tables 111.5(a), 111.6(a), 111.7(a), 111.8(a), 111.9(a) 
and III. 10 (a) that dCv^pg(Z, n, l) shows the following trends: 

(i) For Fixed n and 1 Values 

dG !W z > n, l) decreases as Z increases. For example, as one 
goes from Z = 9 (F“) to Z = 39 (Yt ) dCT^^(Z, 2, 0) decreases regularly 
from +0.4177495 to +0.0011598. At Z = 53 (l“) and Z = 89 (Ac +++ ) the 
dCr HFs( Z » ^ values are -0.0403455 and -0.0956571 respectively. Thus, 
for each set of (n,l) values there seems ‘to be a possibility of getting 
a Z value where n, l) is negligibly small. 

(ii) For Fixed Z and 1 Values 

dCT^Fg(Z, n, l). increases as n increases. For example, in 
Table 111.10(a) as one goes from n = 2 to n = 6 / dCJ^p S (86, n, 0) increases 



regularly from -0.0920275 to +0.1815470; in Table 111.9(a) as one goes 
from n = 3 to n = 4 dvTj*pg(53, n, l) increases from +0.2200364 to 
+0.4107335. 

(iii) For Fixed Z and n Values 

dCJ^Fg(Z, n, l) increases as 1 increases. For example, in 
Table III. 10 (a) as one goes from 1 = 0 to 1 = 2 < KT^pg(84, 4, l) 
increases regularly from +0.1380700 to +0.4715066. 

18 

Malli and Fraga have shown on the basis of their calculations 
on Xe that CT^Z, n, l) is apparently independent of 1 for all n values. 
Thus they concluded that the mean distance of an electron from the 
nucleus in an atom depends almost exclusively upon the principal 
quantum number of the shell into which the electron is accommodated. 

The general behaviour of the per- electron contributions to the nuclear 
magnetic shielding value is, however, as explained above. It is 
accidental that the overall behaviour of dG~^pg(Z, n, l) is such that 
at Z = 54 (Xe) its value is very small for all n and 1 values which led 
Malli and Fraga to conclude that CH (54, n, l) is almost independent 
of 1 for all n values. Further, since it is true that the behaviour 
of \(l/r)^) and <^r)> are somewhat related, both f^(r) = l/r and 
f (r) = r being odd functions of r, one can comment on the mean distance 
between an electron and the nucleus frcm a study of the behaviour of 
<( (l/r) . Thus, from our study we may conclude that the mean distance 

of an electron from the nucleus is not always independent of its 
angular momentum quantum number. 

From Tables 111.5(b), 111.6(b), 111.7(b), 111.8(b), 111.9(b) 

9 ... 

and III. 10(b) one concludes that the behaviour of per-electron 



contribution to the HFS diamagnetic susceptibility of an atom is 
qualitatively opposite to that of CJ * (Z, n, l) . 

III. 5 AN ALTERNATIVE METHOD FOR EXTRAPOLATING Ojjpg VALUES 
IN AN ISOELECTRONIJ SERIES 

An alternative method for obtaining O' values will be now 
discussed. This is based on the concept of the stability of the SCF 
wave functions under one-electron perturbations. We shall, therefore 
first briefly outline the concept of stability of a wave function under a 
perturbation following Hall*\ 

For the quantum mechanical evaluation of physical properties 

of atoms and ions one usually makes use of approximate wave functions. 

Often, one finds that the evaluated value disagrees with the experimental 

value, even though the wave function used is capable of reproducing a 

good energy value. A change in the wave function which does not alter 

the energy value to an appreciable extent is sometimes found to alter the 

2 

evaluated physical property to an appreciable extent. According to Hall 
this erratic behaviour is due to the use of an unstable wave function in 
the evaluation of the physical property in question. Hall has therefore 
introduced the concept of stability of a wave function under a perturbation. 
The Sehrodinger equation for the perturbed system can be written as 

Ol+ AP)^ = E'T (3.14) 

where = non-relativistic Hamiltonian and A is a parameter depending 
on the strength of the perturbation P, which may be a relativistic term, 
some additional internal operator, a term of interaction of the system 
with an external field or in the simplest case a change in one of the 



terns already present in the unperturbed Hamiltonian. If we assume that 
is normalized and the operators and P are such t hat E(A) is 
differentiable with respect to A at least for A = 0, we get 


CD 


e(A) = 1 ^ 


so that 

dE( A) 
dA 


OO 00 


00 


dT + H'VVdX 


If one imposes the condition 


oo 



£ r 

J dA 


0 


0 


on the .ware functions we get 


(3.15) 


(3.16) 


OO 

J' S'* PS' dT = "f^- (3.17) 

0 

The wave functions obeying the condition (3.16) (the condition 
of stability Tinder the perturbation P) are known as stable wave functions 
under the perturbation P. They may be stable for all A values or for 
some specific A values. Hall has shown that SGF wave functions are 



stable under one-electron perturbations. Further, treating a change in 
the atomic number Z appearing in the potential energy term of the 
unperturbed Hamiltonian as a one-electron perturbation and applying the 
condition of stability for wave functions he has deduced the relationship 

for the total potential energy <^L^> due to the electrons and the nucleus 

with atomic number Z. E(Z) , of course, represents the total energy of the 

atom or ion with atomic number Z. By analogy with the well-known 

expression for the nuclear diamagnetic shielding in atoms derived by 
16 

Lamb Hall has obtained the relation 


^2 as (z) 

o- n ( z > = - f- -f — (5 - 19) 

(c/ being the fine structure constant and n the number of the electrons) 

Hall himself has used the above equation to evaluate the nuclear magnetic 

shielding constants for the two-electron isoelectronic series H~, He, Li + , 

Be . He used the series expansion for E(z) given earlier". by Hylleraas 
24 

and Midtdal for two-electron systems which has the form. 


E (Z) = (a )Z 2 +(b )Z + (c ) + 3 ~ + 

n n n n „ 


(O (O (O (g„) 


n 


n 




4 - 

* * • • • 


(3.20) 


25 

It may be pointed out that Hall and Rees have also used a 

s imi l ar procedure for evaluating the shielding values for isoelectronic 

series having 2 to 6 electrons These workers also used a polynomial 

p -the 

similar to that used by Hall , which is due to well-known treatment of 

' ' rv 

Hylleraas^. Using the relationship (3.19) Ellison^ " 5 has calculated 


the CT values for atoms and ions with the number of electrons n equal 



to 2 upto 10 and nuclei of charge Z equal to n-1 to 10. He found slopes 

2)Ea(Z) . . _ .. ■ . _ 

using a simple ascending power series Z-expansxon. 

a Z 

It is thus a straightforward matter to evaluate the shielding 
values for the various isoelectronic series provided one has a relationship 
governing the dependence of the total SCF energy values on Z in each of 
the isoelectronic series such as the one given by equation (3.20), for 
example . 

m . 5 (A) A REVIEW OF Z-EXPANSION OF ENERGIES IN 

MULTIELECTRON ATOMS AND IONS 


For two-electron atoms and ions it was shown originally by 
26 

Hylleraas that the variation of the total energy with Z can be obtained 
by perturbation approach where the term (l/r^ g ) is chosen as the 
perturbation term in the Hamiltonian. This leads to an equation of the 
form (3.20). The coefficients in the expansion have been obtained for the 
He isoelectronic series by Hylleraas and Midtdal . The leading term in 
the expansion is a Z 2 term. and the successive terms are Z 1 , Z 6 *, Z 4 ,...etc. 
That this form of the expansion for non-relativistic total energy E^(z) is 
valid for n-electron systems has been shown by Lowdin 2 ^. Total eP'(z) 
can also be expressed by a similar expansion in decreasing powers starting 

O 

with Z . The. perturbation approach was employed by Lowdin to demonstrate 
this. A considerable amount of work has been done regarding such 

OA 

Z-expansion for Ho. isoelectronic series ’ ' .In recent years the 

form of Z-expansion in the unrestricted Hartree-Fock formalism for He-like 

37-40 

and Li-like systems has also been investigated . Such expansions are 
of interest in the study of correlation energies 41 . Wave functions can 
also be expanded 42 " 46 in Z and thus the calculations of energies as well as 



other expectation values become a simpler task. Dalgarno and 
28 47 48 

coworkers * ’ ~ have outlined details of calculation of atomic properties 

using this procedure in atomic systems with upto ten electrons. As 

mentioned before the coefficients in the Z expansion can be obtained by 

2 

perturbation approach. The coefficient of Z term of the energy expansion 

is simply the energy of the system using hydrogenic wave functions while 

the successive terms correspond to first, second, .... etc. order terms 

of the perturbation. A rigorous perturbation approach can therefore 

26 

yield these coefficients, as has been shown by Hylleraas , Hyllraas and 

24 49 

Midtdal ~ and Midtdal for two-electron systems. The work of Linderberg 
50 51 52 

and Shull and Linderberg ’ may also be cited in this regard. The 

Z-expansion of non-relativistic energy in many-electron systems from this 

view point has been studied especially by Layzer*^ 5 "^’^. The relativistic 

55 

Z-dependent theory of many electron system has also been discussed . 

Ionisation potentials and electron affinities of atoms can also 

be expressed in a series form similar to the series for E^(Z) . Empirically 

56 

it was shown by Glockler that ionisation potentials can be expressed in 
the form I n (Z) = c/Z 2 + ,OZ + Y . Edlen 5 ^ has used a similar series 

p 

expansion starting with Z to extrapolate electron affinities. Scherr 
58 

et al. have used experimental isonisation potential data to fit a four- 
term polynomial in Z and have obtained semi-empirical values of non- 
relativistic total energies in three-to ten-electron isoelectronic series. 
This polynomial has the form 


_ oo 

y z) = z 2 z e lB a' 1 

1=0 


(5.21) 



go 

which has been theoretically justified. Grossley and Goulson have 
shown that these empirical formulae can be justified on the basis of the 
E (Z) expansion described earlier. The well-known formula of Moseley 
for the X-ray lines is also a case in point. For negative atomic ions it 
has been pointed out by Johnson and Rohrlich and Sdie and Rohrlich 
that even a four-term formula of the type 

I n (Z) = G <Z 2 + fhZ + V + & -1 (3.22) 

is not satisfactory. These authors have therefore fitted the ionisation 

potential data to an empirical series disregarding the fact that the form 

/ \ 62 

of equation (3.22; rests on sound theoretical basis. Glementi and 

63 

Ellison and Huff have used empirical power series expansion in ascending 
powers of Z for the total energy 

E (Z) = I + B Z + C Z 2 + D Z 3 + .... (3.23) ' 

n n n n n 

Although the HF energy data can be fitted to such a series the 

meaning of the various coefficients in such an expansion is not clear. 

On the other hand in the series expansion of the type (3. 20) the coefficients 

have theoretical significance. It is easily seen that if one uses only 

three terms in the expansion then both equations (3.20) and (3.23) become 

identical. The term involving Z ^ In equation (3.20) has been found to be 

54 

usually smaller than the relativistic correction . The rate at which a 

given expansion converges is known to depend strongly on the value of 

54 

Z-n, the degree of Ionization 

On the basis of the present review it may be expected that 
an expansion in Z using three or four terms In the form (3.20) should be 



fairly adequate to represent energy values in an isoelectronic series. 

HI -5(B) Z-EXPiUSION OF HF ENERGIES AND NUCLEAR MAGNETIC SHIELDING 
HF 

Total E^ values for various isoelectronic series containing 

two to twentys even electrons have been recently made available by 
* 3 

Clement! . In the Appendix we have demonstrated that these total HF 

energies can be satisfactorily fitted by means of a three-term polynomial 

of the form (3,20). Using the relationship (3.19) values could be 

calculated. In the Appendix we report results of these calculations and 

compare them with those calculated directly using HF wave functions by. 

18 

Mali! and Fraga . A similar treatment for CXjpg , though possible In 

principle, is not given here since total values are not readily 

available. The problem of calculating total Ejjj .3 from the orbital energies 

64 

and the various integrals, has been recently underlined by Lindgren . 

III . 6 CONCLUSION 

It may be noted that just as In the case of the rare gas atoms , 
the HF3 wave functions give a good description of the self-consistent 
fields of closed-shell ions as well both for large and small distances 
from the nucleus. An empirical extrapolation procedure has been outlined 
to obtain the shielding values for atoms and ions . The values obtained by 
this procedure appear to be quite satisfactory and it is pointed out that 
the reliability of the extrapolated values can be improved by calculations 
on some more systems as well so as to provide better polynomial fitting. 

A theoretical justification for the S + (Z) values can be given in terms of 



a three-term energy polynomial. It can be readily seen that since 


cr= - 2 


c/_ 

3 


'bZ 


= sL 

3 


1 

Z 


A Z* 
n 


+ B Z + C 
n 


n} 




f2A Z + B ) 
V n nj 


for each member of the isoelectronic series* as Z increases by one -unit 
we see that (J~ changes by a constant term ~(2/s)c/‘ A . The fact that 


6 (z) 


n 

is different from cS + (Z) can be perhaps attributed to the fact that 


negative ions are not easily fitted by means of the three-term 

- , 60,61,63 

formula * y 


From the study of the various <((l/r)^ gpg integrals we have 
concluded that the mean distance of an electron from the nucleus in an 
atom is not always roughly independent of its angular momentum quantum 
number. The alternative method discussed here for the evaluation of 
nuclear magnetic shielding values in an isoelectronic series, using the 
total energy values. Is found to be a powerful method. 
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CHAPTER IV 


FERMI CONTACT INTERACTION AND 
HARTRBE-FOCK-S LATER WAVE FUNCTIONS 

IV.l INTRODUCTION 

As part of a test of the Hartree-Fock-Slater wave functions 
of Herman and Skillman^ we have investigated as to how far these wave 
functions are capable of reproducing a reasonably good value of the 
atomic hyperfine splitting constant corresponding to the “Fermi-Contact 
Interaction^ term. This term^due to the interaction between the spin 
magnetic moment of an electron and the spin magnetic moment of a 
nucleus, appoars in the hyperfine structure splitting of the atomic 
energy levels as well as in the spin-spin interaction observed in 
electron-spin-resonance and in nuclear magnetic resonance * . A 
brief theoretical discussion of this interaction will be given in 
section 2. As we shall see there the closed-shell core gives no 
contribution to this term. The only ‘.•contribution appearing will be 



due to the unpaired valence electron and that too is nonvanishing only 
for an electron occupying a s- orbital. .The present investigation will 
therefore provide a check on the reliability of the HFS single determinantal 
wave functions for open-shell configurations and especially for the s- 
orbitals with an unpaired electron. The evaluation of these hyperfine 
splitting constants provides a test of the wave function very near the 
nucleus. We have calculated the hyperfine structure constants forjthe 
ground states of LiCls^s 1 ) , NaCls^s^pSs 1 ), K(ls 2 2s 2 2p 6 3s 2 3p 6 4s 1 ) , 
Cu(ls 2 2s 2 2p 6 3s 2 3p 6 3d 10 4s 1 ) and Ca + (ls 2 2s 2 2p 6 3s 2 3p 6 4s 1 ) using the Hartree 
Fock-Slater wave functions for the s-orbital corresponding to the 
unpaired electron in each of them. The details of the calculations are 
given in section 3. In section 4 the results of these calculations are 
reported. Here we also compare our results with other available 
calculations and experimental data. It is found that the results of the 
present calculation compare favourably with experimental data. 

IV. 2 THEORETICAL CONS IDERkT IONS 

The point charge model of tho nucleus hawing a large mass and 

a charge Ze was found to be inadequate to explain all the details of 

atomic spectra. The very small splittings of spectral lines, known as 

hyperfine structure, can be explained only on the basis of the. fact that 

nuclei have electric and magnetic multipoles in general, so that, we can 

have electric interaction between the nucleus and the surrounding electron 

charges as well as magnetic interaction between the magnetic nucleus and 

the electron spin and orbital magnetic moments. Nuclei do not possess 

5 

electric dipole moment as can be shown from parity considerations . 



Nuclei with spin angular momentum (in units oft; ) I > -§- have electric 
quadrupole moments while those with I Z have electric moments of order 
4 and so on. On the other hand) nuclei can have magnetic dipole moments 
when I and so on. If the nuclear spin is zero no magnetic or electric 
multipole moments can exist. 


We shall be dealing here only with the magnetic dipole moment 
and its interaction with electrons. The nuclear spin magnetic moment yUj 
the electron spin magnetic moment /LA^ and the electron orbital magnetic 
moment ^1 can be expressed by the relations! 

= Y *- 1 

JUq = 2 A S (4.1) 

yUj. = 2 A 1 

where I, S and 1 are nuclear spin, electron spin and electron orbital 
angular momentum operators in units of j; . V is the nuclear magnetogyrle 
ratio and p is the Bohr magneton. In its general form the magnetic 
interaction between the nuclear spin magnetic moment and the electron 
spin and orbital magnetic moments is given by 


= 2 A kY ' ?; 


+ {s(r)- 5 (?) {?.?)- (r)- 5 ^ 



(4.2) 


The first term on right hand side represents the interaction of a point 
.dipole Y I with the orbital motion of the electron while the second 
term represents the visual dipole-dipole interaction between two point 



dipoles Vk-I and 2pS. The last term is the term which is of interest to 

ns hore and it represents an interaction of the electron at the site of 

the nucleus . This term is called the Fermi -Contact term because it 

appears due to the fact that the probability of finding an electron at the 

site of the nucleus is finite and was first derived by Fermi on the basis 

of Dirac's relativistic theory of electron. Several other workers (for 

example see refs. 6 and 7) have also derived the Hamiltonian on the 

basis of this approach. It appears to be a general belief that the 

interaction Hamiltonian can bo derived only on the basis of Dirac 's 

relativistic theory of electrons. However, it has been shown by 
8 

Nierenberg that this Hamiltonian can also be derived solely from 

9 

classical electron magnetic theory. Ferrell has also derived the contact 
interaction term on the basis of purely classical static magnetism 
principles. For a lucid derivation of this Hamiltonian on the basis of 
Dirac's relativistic theory of electrons we may refer to a paper by 
Blinder^. It must also be pointed out here that this problem of deriving 
■Hn has been treated^’^ on the basis of quantum field theory as well. 


It can easily be seen that the magnetic interaction energy 

{ 

eN 


corresponding to the contact interaction term in can be written as 


E e®(G) (fJ) 


(4.3) 


where S^(0) is the value of the wave function H"' at the origin. It is 
obvious that this energy will be nonvanishing only for those electrons 
which have finite probability at the origin (r = 0) . Since the radial 
part of the wave function R(r) corresponding to an electron having angular 



momentum quantum number 1 has the form R(r) = Z a,.(r)^ + ^ near the origin, 

k =0 K 

one concludes that s-electrons (haring 1 = 0 ) only have nonvanishing r ( 0 ) 
value. Thus E^^ will be nonzero only for s-electrons. 

For an atomic system having many electrons the extension of 

fe 

equation (4.3) will be as follows 

E eN(G )(S) = ~ L p>tS' Z i 1^(0.) ^(I.s^ (4.4) 

where the S within parenthesis in the left hand side of the equation shows 

that this energy is due to the s-electrons and summation is over all s- 

electrons of the system. The sign is taken plus for electrons of positive 

spin and minus for electrons of negative spin. For a completely filled 

s -orbital having one up and one down spin in it the net contribution to 

the above energy goes to zero unless one takes into account the fact that 

*^nst s -^£ptly different from * 4 /^ through the phenomenon of core 

polarization ’ . The presence of an unpaired electron has an effect on 

the wave function of the other electrons. Actually the exchange forces 

e 

acting on the electrons with spins parallel to the unpaird spin are 
different from the forces acting on electrons with opposite spin* This 
causes a slight difference between and 4 ^^ • This is taken 

into account in the Unrestricted Hartree Fock (UHF) formalism. It will 
be therefore seen that even if the unpaired electron is in an orbital 
other than s it can interact with the nucleus in this manner due the 
core polarization phenomenon. However, we shall be dealing here only 
with the interaction between the unpaired electron in an s-orbital and 
the nucleus and also neglect core polarization effects. As far as the 



present Hartree-Fock-S later wave functions are concerned they are 
restricted in the sense that is same as • With these 

assumptions we can write 

E elf(0) (S) l'+' s . val (0)S 2 (ts) ^ 

taking the valence electron to have an "up" spin. For an s- electron 
having spin +§•, we have j = 1+s so that 

(1.3) = i/k(k+l) - 1(1+1) - i} . 

where "? = T k can therefore have the values (l+i) and (i-ff) • 
Thus the energy difference between the corresponding hyperfine levels 

is given by 

- i ((niHi+i+i) - d-4) Ci+i)) 

= sm A tY !^_ TOl (0)j 2 (2m) 

The hyperfine splitting constant Uq(S) is given by 

= l%. ra i (0) l E 

= lYs-val^f 


(4.7) 


(4.8) 



where is the nuclear magneton and /x* is the nuclear spin magnetic 


moment in units of Ah.,. 

' N 


IV. 3 CALCULATIONS OF 


a C 


As pointed out oarlier we have calculated a^(S) for the systems 
Li, Na, K, Cu and Ca . It is clear from equation (4.8) that a calculation 
of a n (S) would require for each system the value of nuclear spin I in 
units of ifs , the value of /x ! , the nuclear magnetic moment in units of 
nuclear magnetons and |'4 / (0)j for the corresponding unpaired s-electron, 

5 

The values of I and M' have been taken from -Ramsey’s Book . In order 
to get the values of | \^ ^^(0)| we first note that in general the 
H / (r, 8, ft ) 's are of the form 

Vnlm r ’ 9 *^ V (l+|inl ) . nl 


p| m i;(oos 6) Gxp(±®fi) 


(4.9) 


so that for a s-orbital having 1=0 and m = 0 the wave function is of 
the form 


R (r) 

y (r,©,0) = -~T“ 

TnS v/4T? 


(4.10) 


which is independent of the angles 6 and 0. Hence 

2 

, .2 R (0) 

| ho) I =-“> 


4 If 


(4.11) 



Thus, the problem is reduced to one of finding out the value of the 

radial function at the origin. We make use of the Hartree-Fock-Slater 

1 

radial wave functions given as x vs . ? . (x) tables where x is related 

mi 

to r by the relation r = /-Ax, JLa being the Thomas-Fermi parameter 
(M = 0.88534138x2 . Also, as is well-known, (x) and R^ (x) axe 

related as xR^-Jx) = P^Cx) and P^(x) is normalized as j”p^(r)dr = 1 
= j~ P ^ (x)yCAdx. In order to get the value of (0) for the ns valence 
orbital in each case we assume that near the origin the radial wave 
function for the s -orbitals behaves as 


+ + <* J'* + ^ <*•“> 


and expect it to be valid for four consecuCtive points 

r 2 = M x pj r 3 = /- /<x 3 and r 4 = M x ,i near the origin* This gives us the 

following set of simultaneous equations 


= la J + (b ns )r l + <c ns )r ^ + (d na )r l 


= ^ + (b ns )r 2 + (o n B )r I + (d ns )r 2 


= 'V + ( \s )r 3 + (o BS )r 3 + ( V r 3 


Fn g — = ( a n3 > + <\ s )r 4 + (o ns )r 4 + (i n3 )r 4 


> (4.13) 


Sets of such equations are then solved by Grouts me' 


thod 153 


16 



of elimination to get the values °- unknown constants a- ns » c ns 

and d . This has been dons an ^ 1620 Computer at Kanpur. 

XXo 

From equation (4.12) it is obvious that 

= |r (0)j (4.14) 


R (r) 
ns 


= a 


r=Q 


ns 


‘ ns 


and therefore from equation (4»ll) ws 


t 2 (a V 


(4.15) 


4 TT 


Use of equation (4.8) then yi elds the a C (S) values - 
IV. 4 RESULTS AND SISClBSl gS 

Table CT.l colls-* 3 the values of [+(0) ^ for the ns-valenee 
orbital in each of the system studied in the present investigation. ^For 
comparison this table also includes the relevant results of Goodings . 
The |Y(0)]^ are the values in vhich the contributions from the closed' 
(ns) orbitals of the core have been included due to the nonsero values of 


= kJ°>! 


Pns ' ' 


(4.16) 


~ , , -fM "M ro--"! s - orbital of tbs core, 

for each completely fille-— 

. nV of the entries in column (3) and (4) it is 
From a compel" iS 0 *- 

. ^ x ^ .. + - the core polarization is significant. However, 

obvious that the effect, or 

, . 0 f column (2) and (3) we see that the HFS wave 
if we compare the entries ° 

. n ,pa of iuy -(0)r than those given by HF 

functions give higher vain- | T S -val I 2 j \J 2 

_ rrce, the difference i v +o-Tnl^°H'HFS ” jH's-val »HF 

wave f unctions. Furthermore I ~s-vax 



TABLE IV. 1 


Values of J Y (0) J for the Valence (ns) Orbitals for Some 
Systems in Ground State 
(in atomic units) 


Atou/lon 

Present 

Calculation 

1 Yval^l HFS 


(a) 

Calculated by Goodings 

iyv*i (0) l 

z |y(°)|uhf 

HF 2 

= ^ ^ ns ^ UHF + I Yral^l UHF 
ns 

Li 

0.21521 

0.1637 

0.2247 

Ka 

0.76076 

0.5667 

0.6469 

K 

1.04102 

0.6879 

0.8542 

Cu , 

4.63727 

- 

- 

Ca + 

2.56216 

- 

- 


a) See ref. 17.; The wave functions used in this work were of the 
HF and UHF types (ref. 18) . 


increases as we go to higher Z values. For lower Z values our 

| H^_val^ 1 HF3 Talues are closer 1^^ 0 MUHF ^ col,umn 4 of ^"ble • 

This is surprising because we completely neglect core polarization. 

Table IV. 2 lists the values of constants evaluated here. This 

Table also contains the results of other calculations and experimental 
data wherever available. It can be seen from this table that surprisingly, 
the EFS wave functions are able to reproduce the experimental values of the 
hyperfine structure constants fairly well. In comparison to the HF values 



HFS Hyper fine Structure Constants a.^, (S) for the Ground State of Some bystems 

(in Mc/Sec) 
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our present results on a p (S) using HFS formalism are seen to be 

“ ■ U 

uniformly higher. It was pointed out in Chapters II and III that the 
Slater approximation overemphasises the role of exchange# This 
overemphasis leads to greater contraction of the wave function as can 

be seen from the calculated j IhfS va ^ ues- ^ n0 ^ e< ^ 

that inclusion of core polarisation improves considerably the conventional 
HF values , although even then the agreement between these and the 
experimental values is not very good. In our present HFS calculations we 
have not taken into account the core polarization effects* In view of 
these facts one is led to the conclusion that the agreement between the 
HFS values and experiment is somewhat fortuitous. ^ The restriction 
w = yjj can be removed in the HFS formalism also 13 and ^calculations 
have been carried out for Fe by Wood and Pratt . The core polarization 
in this caso was shown to be largo. These workeisalso concluded that 
the Slater form of the exchange potential overemphasizes the effect of 
exchange. Concerning the present HFS calculations it may be remarked 
here that as one goes to hi 3 h« Z values (i) the relativistic corrections 
become important (note that the HFS wave functions used here are non- 
relativistic) , (ii) correlation effects become important especially 
for the valence orbital which contributes the most to £ [ ^(0) ] m , 
the unrestricted formalism and (iii) the number of the closed (ns) 
orbitals increases which makes the assumption 

V A = o 

, , 'ns 

closed orbitals 

less and less justified. The results obtained here using HFS functions 
appear? however? to be promising. 
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IV. 5 CONCLUSION 

Values of atomic hyperfine splitting constants calculated 
using ths HFS wave functions agree well with experimental data. This 
agreement, it is pointed out, may he a result of the overemphasis of the 
exchange potential in the Slater formalism. The results can he probably 
improved by modifications cf the exchange potential (for example use of 
reduced Slater potential, correction of the averaged potential in the 
inner regions etc. , inclusion of core polarisation and relativistic 

effects). 
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CHAPTER V 

HARTREE-FOCK-SLAT EE WAVE FUNCTIONS 
AND DIAMAGNETIC SUSCEPTIBILITY AND 
NUCLEAR MAGNETIC SHIELDING VALUES 
FOR NEUTRAL ATOMS HAVING OPEN-SHELL 
CONFIGURATION 

V.l INTRODUCTION 

In Chapters II and III we have seen that the single determinantal 
Hartree-Foek-S3ater (HFS) wave functions of Herman and Skillman are 
capable of reproducing diamagnetic susceptibility (X) values and nuclear 
magnetic shielding (CD values for closed-shell atoms and ions to sufficiently 
good degree of accuracy. In Chapter IV we discussed the use of these HFS 
wave functions in calculation of hyperfine structure constants of the 
Fermi-Contact term in open-shell configurations having unpaired s-electron 
In their valence orbitals. These results showed that the use of the single 
determinantal form of the HFS wave functions for open-shell configurations 
results in fairly good values for these constants. The present chapter 
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concerns itself with the calculation of diamagnetic susceptibility 


(/C^) and nuclear magnetic shielding values " or °P s:n " s1ne ^ 

configurations. In these systems the paramagnetic contribution to the 
susceptibility is ofccourse by far the most important one. The calculations 
of the diamagnetic susceptibility have been made '//ith a view to compare 
them with the corresponding HF values . atoms from three different 
regions of the Periodic Table were chosen: i) negion of lower Z values 
(Z = 3 to Z = 15) , ii) Region of medium Z values (Z = 45 to Z = 53) and 
iii) Region of higher Z values (Z = 81 to Z - 90) » Our results are 
presented and compared with HF calculations wherever available in sec 

V.2 THEORETICAL DETAILS (2S . n METHOD OF CALCULATION 

The details of. the quantum mechanical calculation of X and & 
values is the same as that adopted in Chapters II and III. The various 
one-electron Integrals required were evaluated in the same manner 
described in Chapters II and III. is <=ase of calculations ° f ^ 

and CT values for closed-shell atoms and ions (see Chapter III) we have 
used in the present calculations also the 441-point mesh HIS wave functions 
These were obtained by using a Herman-Skrllman type computer program 
an IBM 7044 Computer at I.I.T., Kanpur. The details of the evaluation 
of the 441-point mesh HIS wave functions are the same as those described 

in Chapter III, section 2. 

7.3 RESULTS AND DISCUSSION 

The diamagnetic susceptibility values (X HF3 > and nuclear 
magnetic shielding constants (O^g) «>e various neutral atoms having 



open-shell configurations are given in T*l» s Va and ’ f ' 2 respectively. 

The calculations of diamagnetic susceptibly ™lues and nuclear n^gnetic 

, . . , . _ . ,Mi;e functions for atoms have been 

shielding constants using Hartree-Fock ■ ja 

2-11 A v. Tables V.l and V.2 also compare the 
earned out, m recent years c . Our 

. crith those recent calculations using 
results of the present investigation 

HF me functions. The agreement is f°>» d satisfactory in general. 

Since the exchange interaction is attractive, its inclusion 

. .-I o9 er to the nucleus. If the free- 

draws m the radial wave functions cioa^-*- 

+ , .... u^pmohasizes the exchange term we would 

electron exchange approximation overempt 

expect the HFS wave functions to produce the | "%-jjpgj ^HFS 

respectively lower and higher than the corresponding HF 

,1^4- values are lower than 

values. From Table V.l we observe tnau /V HFS 

„ ,, tr p y© observe that Ou-pg values are 
Arp values wnereas from Table V.2 v 

the fact that Slater's free-electron 

higher than CAn? values . This confirms 

ilx , j 

, -x- v 01 vm the exchange term. It was noted, 

exchange approximation overemphasize ■= 

, . . , ttt +v + rr ( extrapolated) values do not agree well 

earlier m Chapter III that eXX ' " 

, v . , „iot^d) values. We are now in a 

with Ojrp( calculated) or extrapol 

-f pferences arise out of the fact that 
position to clearly say that these dii 

in the C~ values consistently in 

the HFS formalism leads to an mcreas 

_ . mv,p presently calculated Ou-pq values 

comparison with the HF formalism. Th- 

. oV+ra polated values (see Chapter III) • 
can be compared with our earlier exi-t _ 

^ -i-o be good. In view of the fact that 
The agreement between these is seen. 

• , , _ - + vio HFS wave functions has been used in 

the single determinantal form of vm 

, , _ ma y he judged as encouraging, 

the present calculations the results 

/ \ w rrf-u') s?nd V.3(c) we list the one-electron 
In Tables V.3(a), V.3(b) aIia v 



2 \ 

(t /jrpg Integrals while in Tables 7.4(a), 7.4(b) and 7.4(c) we list 


the one-electron ^(l/r)) integrals in atomic units. 


7.4 CONCLUSION 


The present calculations of and values and their 

comparison with the HP calculations show that the single determinantal 
form of the HFS wave functions can be successfully employed for the 
calculation of the diamagnetic susceptibility and nuclear magnetic 
shielding values even for open-shell configurations. Of course »one 
should bear in mind the limitations of such an approach. One should 
also remember the fact that the functions used here are non-relativistic 
and have been obtained using the averaged exchange potential. In view 
of these limitations the present results are encouraging. 



TABLE 7.1 


HF3 Diamagnetic Susceptibility Values for Neutral Atoms with 

Open-Shell Configuration 
0 

(All Values in -1x10 cgs emu/ mole) 


Z Region 

Atom and 

Its 

At. No. Z 

^-HF3 

Present 

Calculation 

Other 

HF Calculations 

(a) 

(b) 

(c) 

1 

2 

3 

4 

5 

6 


Li (3=3) 

13.93525 

14.764 

15.2 

14.76 


Be ( Z=4) 

13.47607 

13.729 

14.1 

13.72 


B(Z=5) ■ 

12.54516 

12.556 

12.7 



C(Z=6) 

10.92854 

10.930 

11.0 



N(Z=7) 

9.612183 

9.565 

9.6 


i) Lower 

0(Z=8) 

8.580326 

8.846 

8.9 



F(Z=9) 

7.757992 

8.110 

8.1 

8.119 


Na(Z=ll) 

19.92166 

21.500 

18.1 



Mg(Z=12) 

22.01124 

23.451 

22.2 



A1(Z=13) 

25.44953 

26.518 

24.6 



3i(Z=L4) 

24.49036 

25.559 

24.9 



P(Z=15) 

23.02190 

23.985 

23.2 



Hh(Z=45) 

38.68676 





Ag(Z=47) 

36.52428 





In(Z=49) 

45.23064 






Table ¥.1 (Continued) 


1 2 

3 

ii) Medium Sn(Z=$0) 

46.69590 

Sb(Z=5l) 

46.95879 

Te(Z=52) 

46.79985 

I(Z=53) 

46.43282 

Tl(Z=8l) 

56.46090 

C\2 

00 

11 

rsi 

Ph 

58.59770 

Bi(Z=83) 

59.42255 

Po(Z=84) 

59.74448 

iii) Higher At(z=8s) 

59.79493 

Rr(Z=87) 

85.92642 

Ac(Z=89) 

92.39008 

Th ( Z=90) 

90.50310 


a) Values reported by Malii and Fraga (ref. 10) using analytic HF 
wave functions of reference 15. 

b) Evaluated by Strand and Bonham (ref. 5) using an approximate 
analytic expression for the HF potential of neutral atoms by 
fitting the radial electron density of analytic HF functions. 

c) Calculated by Sidwell and Hurst (ref. 3) using single determinants! 
analytic 3CF functions of Roothaan type (Li and Be - ref. 12, 

F - ref. 13) . 



HFS Nuclear Magnetic Shielding Values ( Gj^xlO^) for Neutral Atoms with Open-Shell Configuration 
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Table V.2 (Continued) 
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Bi(Z=83) 1027.933 1022.713 

iii) Higher Po(Z=84) 1044.638 1039.386 



Table V.g (Continued) 
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TABLE V. 5(a) 


One Electron <(r^ Integrals for Ground State Neutral Atoms (Z=3 to 15) ,, 

with Open-Shell Configuration 
(in atomic units) 


Atom 



Orbitals 



Is 

2s 

2p 

3s 

3p 

Li(Z=3) 

0.4249377 

16.74517 



» 

Be ( Z=4) 

0.2260155 

8.281618 




B(Z=5) 

0.1404947 

4.424543 

6.709799 



C(Z=6) 

0.0957177 

2.840655 

3.962971 



N(Z=7) 

0.0693633 

2.004756 

2.662792 



0(Z=8) 

0.0525548 

1.499958 

1.932184 



F(Z=9) 

0.0411840 

1.168534 

1.475205 



Na(Z=ll) 

0.2722270 

0.7088893 

0.7545129 

19.15435 


Mg(Z=12) 

0.0227508 

0.5587071 

0.5551088 

11.64922 


A1(Z=13) 

0.0192920 

0,4514131 

0.4279910 

7.060035 

14.50387 

Si(Z=14) 

0.0165631 

0.3724412 

0.3412575 

5.063199 

8.985137 

P(Z=15) 

0.0143729 

0.3126493 

0.2790845 

3.906315 

6.308999 
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16.55976 11.85132 9.316835 7.716354 6.594255 



</) integrals for Ground State Keutral At* (Z=81 to. 90) with Open-Shell Configuration 
' ' HFS . . » . \ 




T able W. 3(c) (Continued) 
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TAB IE 7.4(a) 


One Electron <(l/r^ Integrals for Ground State Neutral Atoms (Z=3 to 15) 

with Open-Shell Configuration 
(in atomic units) 


Atom 



Orbitals 



Is 

2s 

2p 

3s 

3p 

Li(Z=3) 

2.764665 

0.3648878 




Be(Z=4) 

3.753451 

0.5473552 




B(Z=5) 

4.379683 

0.7595448 

0.6186704 



C(Z=6) 

5.725849 

0.9527002 

0.8079257 



N(Z=7) 

6.712382 

1.1378100 

0.9873776 



0(Z=8) 

7.699366 

1.3187869 

1.1615492 



F(Z=9) 

8.686771 

1.4972988 

1.3325623 



Na(Z=ll) 

10.66359 

1.9068146 

1.7729322 

0.3231721 


Mg(Z=12) 

11.65413 

2.1422632 

2.0265114 

0.4309405 


A1(Z=13) 

12.64565 

2.3799649 

2.2774549 

0.5555742 

0.3967641 

Si(Z=14) 

13.63788 

2.6184790 

2.5261240 

0.6575841 

0.5061510 

P(Z=15) 

14.63070 

2.8573579 

2.7731086 

0.7514107 

0.6036765 
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TABLE V.4(o) 

One Electron ^ l/r]) jjpg Integrals for Ground State Neutral Atoms (Z=81 to 90) with Open-Shell Configurati 

(in atomic units) 
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CHAPTER VI 


HAKIBSE-FOCK-SLATER WAVE FUNCTIONS 
AND QI7ADRDPOLE ANTISHIEEDING FACTORS 
OF ATOMS AMD IOMS 


VI.l INTRODUCTION 

In the presence of a perturbing electrostatic field, 
distortions are produced in the electronic charge distribution of atoms 
and ions. These distortions may be expressed in terms of a series of 
induced multipole (dipole, quadrupole, octupole, . . . . etc.) moments and 
are referred to as multipole polarizations. Due to these distortions 
there are changes in the electric field and its gradients (of various 
orders) at the site of the nucleus and these changes are expressed in 
terms of multipole (dipole, quadrupole , . . . . etc.) shielding or 
antishielding factors, the words shielding and antishielding dinoting 
the signs. 

and 

Dipole polarizability is related to dielectric constant hence 
it has been investigated since long. But the quadrupolar and higher order 



polarizabilities got the attention of workers only since last fifteen 
years or so. 

In general, the problem has been theoretically looked upon 
as a perturbation problem. The source of perturbation may have various 
types of positions with -regard to the nucleus and the electronic charge 
distribution. The nucleus itself may have an electric quadrupole moment, 
for example. This may perturb the surrounding spherioal electron charge 
distribution of the core and thus modify the field gradients. However, 
to make the idea of multipole -polarizabilities and the associated shielding 
factors clear, we shall take a simpler situation where the perturbation is 
caused by an electric charge 1 a.u. placed at a distance R away from the 
atomic nucleus on the z-axis. The total electrostatic interaction between 
this charge and the atom or ion will be (in atomic units) 




( 6 . 1 ) 


where Z represents the nuclear charge and rj represents the distance of 
the i-th electron of the N -electron atom or ion from the perturbing charge. 
Let us now further assume that the perturbing charge is located completely 
outside the atom or ion so that it is possible to expand the above interac- 
tion using Legendre Polynomials in terms of the distances r^(i = 1,2,..,N) 
of the electron from the nucleus. Thus we get 


7 ■ 


= M + [- 2. £ Pl(0m 0! ’ 


( 6 . 2 ) 


where P,(0os 0.) (L = 1,2, . — ) represent the Legendre Polynomials of 
. L ' 1 



various orders. The first tens on the right hand side of equation (6.2) 
is constant and hence will not polarize the electron core. The second 
term, however, symbolizes the multipole polarization of the electron core 
by the perturbation. This can be written as 


V* 


= 2 {pi} g (r i )l p i (o ° 3 e i> 


(6.3) 


oo 


where 


= ^2 ( At) 2 P t( G0S O 


If 1 


i=l 


A l { r l1i} 


(6.4) 


(6.5) 


The L-th term in equation (6.4) is responsible for 2^-pole polarization of 
the electron core. The 2 I '~pole polarizability is defined as (-l) L (Li) 

’ T ' 

times the ratio of the induced 2 -pole moment to the L-th order gradient 
of the perturbing potential. The 2^-pole moment /t(2^-pole) is defined as 


yU (2 L -pole) = - <^C^> ^ (r^) 1, P L (Cos 9^ 


cb) (6.6) 


where represents the total perturbed wave function (=4' 0 + for 

non-degenerate case in the presence of the perturbation. Here <£, ■ 

represents the wave function in the absence of any perturbation. 

To first-order in A , the L-th order gradient due to the 
external point charge q is given by 

gradient (L-th order) = (-l)^(Ll)X (6.7) 

Hence the 2^-pole polarizability c/(2 L -pole) can be obtained 



using equations (6.6) and (6.7). Thus, we get 


c/(2 L -pole) = -2<^' j ]f 




p t (cos e.) 

L i 


$>°) 


( 6 . 8 ) 


As has been said earlier, associated with this 2^-pole 
polarizability is a 2^-pole shielding factor V (2^-pole) . This 2^-pole 
shielding factor is defined as the ratio of the change in the L-th order 
electric field gradient at the site of the nucleus due to the polarized 
electron core to the L-th order electric field gradient of the perturbing 
potential alone. Since the electrostatic potential at the nuclear site 
due to the electron charge distribution is 
derivative of this quantity will give the 
Hence we get, 

Y ( 2 L -pole) = 2<^C|)' 

1 / 

In a first-order calculation of <Y(2^-pole) or Y (2 L -pole) 
the necessary task is, thus, to evaluate the first order perturbation 1 
of the wave function. 

1—8 

Sternheimer and coworkers have examined polarization and 
shielding effects, first utilizing Thomas-Fermi model of the atom and 
later adopting the method of direct numerical solution ("perturbation 
numerical procedure") of the first-order inhomogeneous Schrodinger 

equation for getting the first-order-perturbation (jp' of the wave function. 

9 

Ghatikar et al. have recently adopted a similar procedure for the 
calculations of the quadrupolar antishielding factors in some rare earth 


N P T (Cos 0 . ) 

r - 

d / 


, L+l 




(6.9) 


(l/r^), the L-th order’ 
numerator of Y^^-pole) • 




ions* 



Das et and others^’’"'^ treated the ?ir3t~order 

inhomogeneous Schrodinger equation by a variational procedure ("perturbation 
-variation procedure") in which the perturbation of the wave function is 
obtained analytically by minimizing the second-order energy. Since in 
this procedure an analytic function is used the labour of numerical 
integration is avoided. This approach, however, suffers from the problem 

17 

of maintaining orthogonality , self-consistency and inclusion of exchange. 

Both the "perturbation-numerical" and the "perturbation- 

variation" methods are based on the single particle approximation which, 

just as in the Hartree's SGF method, considers each atomic orbital 

separately and perturbation in each orbital is determined independently 

of the perturbation in the other orbitals. In the Hartree-Fock SGF 

method each one-electron wave function depends on other one-electron wave 

functions of the system through the exchange and coulomb terms. Likewise, 

the perturbation in ary one-electron wave function should also depend on 

the perturbations in the rest of the one-electron wave functions. 

17 18 19 20 

Dalgarno * , Kaneko and Allen have independently worked out 

expressions for second-order energy, taking into account the couplingjthat 

exists between the various perturbed one-electron wave functions. Dalgarno' 

has ihown that the 'perturbation-numerical' and the 'perturbation-variation' 

methods are approximations to what he calls as "uncoupled HF method". In 

17 18 

the 'coupled HF method' * , the second-order energy has a number of 

exchange terms which couple different perturbed one-electron wave functions. 
Minimization of this energy, maintaining self-consistency, is a cumbers cane 
job, although it yields correct perturbed wave functions. Dalgarno, 
Kaneko a nd others have attempted to solve the sets of coupled integro- 



therefore been attempted in very simple systems only. Khubchandani et al^ 
started with the second-order energy including exchange temns, but in 
their variation calculation they subsequently dropped the coupling terms. 

The complete Hartree-Fock equation, including the perturbation 

22—24 

potential, has been derived and solved by Watson and Freeman using 

the unrestricted HF method. Cohen‘S* ^ and Cohen and Roothaan^ have also 
employed a similar procedure of complete solution of the HF equations. In 
these procedures the effect of the small perturbing potential can be taken 
care of only by performing the complete HF solution to a very high degree 
of accuracy. If it is not done so the small effect of the perturbation 
may be lost giving rise to serious error. 

28 29 

Yoshimine and Hurst and Langhoff and Hurst have also 

carried out the calculations of dipole and quadrupole polarizabilities for 

a large number of two- to twenty-electron atomic systems within .the 

29 

framework of uncoupled HF approximation. Langhoff and Hurst have also 
shown that their procedure is equivalent to the 'perturbation- variation' 
procedure, provided the latter is carried out under proper orthogonality 
conditions. 

Recently, Lahiri and Mukherji^*^" have devised a "self- 
consistent perturbation" method for obtaining a self-oon3istent solution 
by minimizing the second-order energy under fully coupled HF approximation 
and thus the interdependence of the perturbed one-electron wave functions 
can be taken into account. The second-order energy minimization is carried 
out through successive approximations to achieve full self-consistency. 

As compared to the method employing the complete HF solution this method 
is better because here the small in the wave function itself 



therefore been attempted in very simple systems only. Khubohandani et al 2 ^ 
started with the second-order energy including exchange terms, but in 
their variation calculation they subsequently dropped the coupling terms. 

The complete Hartree-Fock equation, including the perturbation 

22—24 

potential, has been derived and solved by Watson and Freeman using 

the unrestricted HF method. Cohen^ 5 ’^ 6 and Cohen and Roothaan 2 ^ have also 
employed a similar procedure of complete solution of the HF equations. In 
these procedures the effect of the small perturbing potential can be taken 
care of only by performing the complete HF solution to a very high degree 
of accuracy. If it is not done so the small effect of the perturbation 
may be lost giving rise to serious error. 

28 29 

Yoshimine and Hurst and Langhoff and Hurst have also 

carried out the calculations of dipole and quadrupole polarizabilities for 

a large number of two- to twenty-electron atomic systems within .the 

29 

framework of uncoupled HF approximation. Langhoff and Hurst have also 
shown that their procedure is equivalent to the ’perturbation-variation' 
procedure, provided the latter is carried out under proper orthogonality 
conditions. 

Recently, Lahiri and Mukherji''^*’^" have devised a "self- 
consistent perturbation" method for obtaining a self -consistent solution 
by minimizing the second-order energy under fully coupled HF approximation 
and thus the interdependence of the perturbed one-electron wave functions 
can be taken into account. The second-order energy minimization is carried 
out through successive approximations to achieve full self-consistency. 

As compared to the method employing the complete HF solution this method 
is better because here the small perturbation in the wave function itself 



is calculated and there is very little chance of error in obtaining this. 

In the present work we shall be interested in the theoretical 

estimates of quadrupole antishielding factors of atoms and ionsrsing 

32 

Hartree-Fock -Slater wave functions of Herman and Skill man . Since most 
frequently one meets with quadrupole antishielding (negative sign of the 
shielding factor) in atoms and ions we shall refer to the quadrupolar 
polarizability in this manner. However, there could be cases where the 
polarizability shielding factor is positive. 

33 

It may be mentioned here that many workers have emphasized 

the marked sensitivity of the multipole polarizabilities to the choice of 

the unperturbed wave functions. In particular, it has been found that 

there is marked defference in the results of the calculations using Hartree 

and Hartree-Fock wave functions due to the fact that the latter includes 

exchange. The main aim of the present investigation is to test the merits 

32 

and demerits of the Hartree-Fock-Slater wave functions which include 
the effect of exchange through the Slater free-electron exchange 

32 \ 

approximation (with a tail correction due to Herman and Skillman ) . In 
the present calculations of quadrupole antishielding factors starting with 
the HFS wave functions of Herman and Skillman as the unperturbed wave 
functions, we shall employ the method of direct numerical solution of the 
first-order inhomogeneous Schrodinger equation. It may be remarked here 
that this perturbation-numerical procedure has been used extensively by 
Sternheimer and hence by using the same procedure it is possible for us 
to compare our HFS results with his H or HF results for several atoms and 
ions. It will be worthwhile to compare the results of the calculations 
made presently with other calculations of the same degree of accuracy 



(uncoupled HF approximation) using Hartree and Hartree-Fock wave functions 
as the unperturbed wave functions. Such a comparison would throw valuable 
light on the adequacy or otherwise of the HF3 wave functions. For the sake 
of completeness the results of other calculations will be quoted wherever 
available . 

Electric quadrupole interactions between atomic nuclei and 

outer electron core have been experimentally investigated in atoms, 

molecules, metals and salts by a variety of methods such as spin-lattice 

•34 

relaxation measurements in nuclear quadrupole resonance’ , dislocation 

35—37 

densities measurement by nuclear magnetic resonance ' , ultrasonically 

38-4?. 

induced nuclear magnetic resonance studies ’ and Mossbauer effect 
43 44 

studies ’ . Interpretation of these experimental observations generally 

requires a satisfactory model (such as ionic model or covalent model) for 

the evaluation of the field gradient due to external charges and also a 

knowledge of the shielding factors. It has been found that none of these 

models individually gives satisfactory agreement with the theoretical 

results. Further, it may also be pointed out here that most of the 

calculations of antishielding factors use free ion unperturbed wave 

t 

functions. However, the actual fields in which an ion is siuated 

A 

definitely changes the free ion unperturbed wave function. It has been f ound 

that^’*'^ there is good agreement between experimental and theoretical 

results using free -ion unperturbed wave function for positive ions but It 

is not so for negative ions. It seems that the negative ion wave functions 

are easily deformable by their envoimment. Contracted unperturbed wave 

14 

functions have been used by Burns and Wikner to take Into account such 
deformations in negative ions. We shall, however, limit ourselves to the 



use of free-ion HFS wave functions. 


In section 2, a brief account of the quadrupole antishielding 

factors V and R will be given. Section 3 will concern iteself with 
oo 

a brief description of the procedure for obtaining perturbed wave functions 
using the method of direct numerical solution of the first-order 
inhomogeneous differential equation. In that section we also give the 
details of evaluating ''/ 00 an, i & factors. In section 4 the results of the 
present calculations are presented. A discussion of the results obtained 
is also given. 

VI. 2 QUADRUPOLE POLARIZATION AND 3TERNHEIMER 
AFTISHIELDIUO FACTORS 

The basic quadrupolar Hamiltonian f° r a nucleus with spin 
I, quadrupole moment Q interacting with an electric field gradient q of 
axial symmetry has the form 

"l f _ e 2 Qq 

- 4i(2i-ry 

Since, the field gradient is assumed to have axial symmetry we have 

V = eq 
zz 

v - v 

and n - ■ = 0 

zz 

Two types of "source field gradients" q are usually considered. 
Firstly, a field gradient a-^ will be produced due to the lattice charges 
(or crystalline field). Secondly, in an atom or ion having a valence 
electron in a non-spherical orbital a field gradient q , at the site of 


| ( 6 . 11 ) 


3(1/ 


i(i+D 


( 6 . 10 ) 



the nucleus will be produced by this electron. Hence, in the simplest 
way one can think that q of equation (6.10) is given by q = q^^ + q^ a ^.« 
But this is not entirely correct. In view of the discussion presented in 
section 1 we now know that the presence of an external charge, for example 
produces multipole polarization due to perturbation of spherical 
electronic core of an atom or ion. We are interested here only in the 
quadrupole polarization of the core due to both external charges and the 
valence electron in a non-spherical orbital. In general, in the presence 
of a source field gradient, an induced quadruDole polarization of the 
electron core takes place. Such a distortion in turn gives rise to 
additional (induced) electric field gradient which is sometimes several 
orders of magnitude higher than the source field gradient. In view of 
this effect, q of equation ( 6 , 10 ) should be actually written as 

) = V (!-*> + Iiat (l -'4 ) (6 - 12) 

where it has been assumed that Rq v& -^ ( = q^^) and Xn^lat^ ^lat^ 8X6 
the induced electric field gradients produced at the nuclear site by the 
distortions in the electron core of the atom or ion due to q^^ and q^ a ^. 
respectively and that these induced electric field gradients oppose 
(conventionally) the respective source electric field gradients. The 
proportionality factors R and ^ are called Sternheimer antishielding 
factors. 

71. 5 CALCULATION OF QUADRUPOLE POLARIZATION EFFECTS 

B? 1 PERTURB ATIOF-NDMERIOAL 1 METHOD 

For L = 2 equation (6.4) gives the perturbing potential 
responsible for quadrupole polarization of the electron core of an atom 



or ion due to a charge of 1 a.u. , i.e. the electric field gradient 
produced by this charge, when it is completely outside the atom or ion 
at a distance R from the nucleus. Thus, for a particular electron of the 
atom or ion at a position (r, 8, 0) with respect to the nucleus the 
perturbing Hamiltonian H ^ is given by 


■\S _ -(5 0os 2 8 - 1) r 2 

1 2(R) 3 


(6.13) 


Here atomic units have been used. The zero-order Hamiltonian Jr of the 

' o 

electron is given by 

3-f = -fey 2 + y (6.14) 

OXO 

Now, if and represent the zero-order wave function and its 
perturbation, respectively, we have the equation 


oi - v % = - <H - v % 


which is the second-order perturbation relation. Here 

<%ki) =° 

E o= <%I>U %) 

aid % = <y 0 |>£i i %y 


} (6.16) 
j 


Using equations of the type (6.15) one can calculate the 
electronic distortions due to the source electric field gradient. The 
calculation of the interaction of this induced quadrupole moment of the 
electron core with the nuclear quadrupole moment would be the second 


step 



An alternative approach would be to calculate, first, the 

electronic distortion of the core due to Q, the nuclear quadrupole moment 

and then the interaction of this distortion with the source field gradient 

in question. Both these approaches will give the same result in the 
. 18 

second order perturbation theory . The latter approach has been 
employed by Stemheimer in his perturbation-numerical calculations. In 

this case the perturbing Hamiltonian of equation (6.15) will be given 

# 

by 


14 - -Q(5 Cos g 9 - 1) 

1 2(r) 5 


(6.17) 


2 

in Rydberg units; here Q and r are expressed in a^ and a^ -units 
respectively, r and 9 being the length of the radius vector from the 
nucleus and the angle included by this vector and the axis of the nuclear 
quadrupole moment Q. 


Since the quadrupolar perturbating Hamiltonian has 
Y°(Q, 0 ) symmetry, the perturbed wave function will have mixed with it the 
unperturbed wave function character so that 


Y 0 (i = 0 ) > N q | Vq (1 = o) + Y 1 (l = 2)} 

• Yo’d = i) — » \ {%(i = i), + = 1) + Yj_(1 = 5)} 

(1>1) » Kj. |y o ( 1) + H^ 1 ) + ViC 1+2 ) + ^(1-2)} 

(6.18) 


where F T s represent the normalization constants. The mixing of y o and 
Y 1 having same ( l l value is called a "radial" excitation whereas the 



mixing of ^ and s|^ having different ' 1' values is called "angular” 


excitation. 


We may take the unperturbed function and its perturbation as 
and for an excitation 1 — ? I 1 as 


% = ^ Q o (0 > « 

Hi = e i (9 ’ « 



where u Q and tp represent r times the unperturbed radial wave function and 
its perturbation. The unperturbed function u Q (r) is normalised to unity 
in the following manner: 


CD 

pv 2 

\ Jn Q ( r)j dr = 1 (6.20) 

o 

and according to the first equation in the set of equations (6.16) we must 
have for all the radial ( nl — > 1 ) excitations 


oo 

^ u Q (r) u^(r) dr = o (6,2l) 

o 

¥e note that (i) the first order perturbation energy is 

given by equation (6.16) and (ii) will have an additional angular 
2 

dependence (3Gos 9 - l) and hence we can perform a seperation of the 
variables in equation (6.15) which would then take the form: 



( 6 . 22 ) 



where (l/r^ is the average of l/rS over the unperturbed f mat ion u q ( r) , 
Since we have 


¥ 

o 


E 


JL d u q _ 1(1+1) 

u , 2 2 

o dr r 


equation (6:22) takes the form 


(6.23) 



i 1 U’-hU 


u, 


o dr 



(6.24) 


It is this equation which is actually solved numerically for 

various excitations l(u Q ) »l'(u^) in Sternheimer's "perturbation- 

numerical" approach. As mentioned earlier, we shall also he using this 
procedure for the present calculations of and R factors. 

The factor ^ for the various excitations are given by 


oo 


Y cd ( nl — >1’) = C(l —>1 ! ) C u Q (r)u^(r) r^dr 


(6.25) 


where the coefficients C(l — *1') represent the effect of the integrations 
over the angular variables with the summation over magnetic substates. 


For closed-shells we have 

C(s -»d) = C(d ~ »s) = 8/5 

C(p — >p) = 48/25 

C(p — >f) = C(f -»p) = 72/25 

C(d — »d) = 16/7 

G(d g) = G(g d) = 144/35 

C(f -*f) = 224/75 






J 


(6.26) 



The R factor for the various excitations is given by 


R(nl •—>!’) 


oo 




= C(1 -»1') 


u o (r)u^(r)r 2 dr + (rj 5 


OO 

O 


r 


u 0 (r)^( r ) S* 7 

r 


dr 


oo 

u 2 n (r„) — dr . 

<*o>’ 


(6.27) 


where u ^(r) represents r times the radial part of the valence electron 
unperturbed wave function and the constants G(l — ^ 1 1 ) have the sane 
meaning as those in equation (6.25). 


VI . 4 PROCEDURE ADOPTED FOR NUMERICAL SOLUTIONS 

FOR PECULATIONS u (l) — 'fu^UD 

Equation (6.24) has been solved numerically employing the 
method of finite differences ^ • Replacing all second derivatives of 
equation (6.24) by second-order differences we obtain for inward and 
outward integration the following equation 


Uj:(r+<^r) - 2u^(r) + u^(r- Sr) 

4- ! 

l'd'+i) - id+i) 

(<Sr) 2 

r 

(r) 2 


V r) 


tu(r) 

u (r). 
o 


u (r+<Sr) - 2xi (r) + u (r-<Sr) 

Q O O 

(&t) Z 



( 6 . 28 ) 



r 


If we assume that the points 
(j+l)-th, J-th and (j-l)-th 
(6.28) can be rewritten as 


(r+c5r) , r and (r-<L>r) correspond to the 
points of the integration mesh, equation 


u^ ( J+l) 


= V J> 


2 + ( Sr) s Pintil - Ki+i) + n o (w) ~ 

(r(jf ' ^ 


- - u 0 (J) (6r) S _^p-< r i>6 11 , 


(6.29) 


If the values of the perturbation u^ of the wave function are 
known for two or more innermost points, for example the points J = 1 and 
1=2, the above equation can be employed for successive outward integration. 
Similarly, if the values of the perturbation are known for two or more 
outermost points, for example the points -J = J^^ and J = J^ s t _ l> this 
equation can be employed for successive inward integration. 


For each excitation 1 — ^ 1' , whether angular (l / 1') or 
radial (l = 1*)> we have performed one outward integration and one inward 
integration of equation (6.29) and matched the two solutions at an 
intermediate radius r = 0.1 a.u. It is assumed that for the outward 
integration the perturbation u^ at the various mesh points (J's) is 
given by 

u^J) = A C(J) + B(J) (6. SO) 

where A is a constant and C(j) and B(j) are certain numerical quantities 
pertaining to the J-th mesh point. It can easily be seen that knowing 



the values of G(j) and B(j) at two or mors points near the nucleus the 
outward integration of equation (6.29) can be performed and solution u^ 
obtained at various mesh points in the fora (6.30). However, .1 is to be 
determined ty matching this solution with that obtained by an inward 
integration. 

For the inward integration it has been assumed that the 
perturbation u^ is obtainable in the form 

= a E(j) + D(J) ' (6. 31) 

at the various mesh points (J's). Just- as in the case of the outward 
integration (see eqn. 6.30) here also 'a 1 is an unknown constant and E(j) 
and D(J) are certain numerical quantities pertaining to the -J-th mesh 
point. The inward integration can be performed and the values of E(j) 
and D(j) at the various mesh points can be obtained provided E(j) and D(j) 
are- known at least at two outenadst points near the tail of the unperturbed 
function u • 

\J - 

The boundary conditions near the nucleus and those near the 
tail of the unperturbed wave function u are utilized to obtain the 
necessary values of C(J) and B(j) and E(j) and D(j) respectively for 
starting the outward and inward integrations of equation (6.29). 

Thus, after performing the outward and inward integrations we 
obtain the values of G(j), B(j) and E(j) , D(j) for all the mesh points. 

The values of the constants 'A* and ’a 1 are determined by employing the 
conditions of the continuity of the function u^ and its first derivative 
at the matching radius. 



We shall now describe the various excitations and the boundary 


conditions employed in their solutions one by one. 

(A) For Radial (l = 1') Excitations 

In this case equation (6.29) takes the form 

u^(-J+l) 


= u^(-J) 


2 + 


u o (J+l) - 2u o (J) + u 0 (J-l)' 


T77T 


- u. 


(T-l) - u (J)(cSr ) 2 


L(rO)j 3 ' ^ 


(6.32) 


for all radial excitations. 


For sufficiently small r values both the unperturbed function 
u q and* its perturbation u^ can be obtained by the first term of the 
oolynomials into which these can be expanded near the nucleus. Hence, 
for the excitation (nl > l) we have 


u^(r small) = A* (r)‘ 


(6.33) 


and hence we set 


B(l) = 0 

0(1) = |r(l)|W 

= 0 (since r(l) = 0) 

E(2) = 0 

G(2) = (r(2)^ 


B(5) =0 

0(3) = (rizf 

A 1 ) 


> (6.34) 


and then perform the outward integration of equation (6.32) to obtain 



3(4), 0(4); B(5), C(5); .... etc. From equation (6.29) it also follows 
that for sufficiently large values of r the unperturbed function u q and 
the perturbation u^ are related as 

u..(r'large) = a u (r large) (6.35) 
X o 


and therefore the inward integration of equation (6.32) has been carried 
out using the following tail boundary conditions 


D(J, ,) = E(J- ,) = u (J_ ,) 

last last o last 

“(hast- 15 = S(J la S t- 15 = Vhast' 1 ’ 

D(J lasf 2) = E(J last- 2) = Vhaaf 25 


> (6.36) 


J 

As has been said earlier these two solutions are then matched 

at the matching radius r = 0.1 a.u. Finally, the perturbation u^ is made 

orthogonal to the unperturbed function u Q (c.f. eqn. 6.2L) by adding 

oo 

-Su 0 to u^, where 3 = J u Q u^ dr. 

o 


(B) For Angular (l £ l 1 )- Excitations 

In these cases equation (6.29) reduces to the following form 


u^J+1) 


u^Cl) 


2 + (<L) 2 — i + — 




ujj+l) - 2u 0 (l) + n Q (J~l) 

— ^ru) 

o 


- Uj^J-l) - u„(j) (<5r) 2 - — X 


(r(l)V 


(6.37) 



where A1 is defined as 


A1 = l'(l'+l) - 1(1+1) 


(6.58) 


We shall now take one by one those angular excitations which 
are of interest to us and describe the process of outward integration of 
the corresponding equation (6.37). 

(B.l) Angular Excitation s — ^d (l = 0 — ^1' = 2) 

The perturbation u^ in this case has finite value at the origin 
and this is given by 


t \ o _ _o 

V o) ~ 1' (I'+l) 6 


(6.39) 


where a’ is the coefficient of the first term of the polynomial into which 
o 

u q can be expressed near the origin so that 


a o " 


u (ns) 
0 


(6.40) 


r — > o 


Also, near the origin we have 


u^(r small) = A'r (6.4l) 

where A' is a constant. Therefore, for the outward integration of the 
corresponding equation (6.37) we use the following initial conditions. 

0(1) = 0 B(l) = ao /6 

0(2) = -r(2) B(2) = B(l) 

0(3) = -r(3) B(3) = B(l) 

0(4) = -r(4) B(4) = B(l) 




(6.42) 



(B.2) An gular Sanitation p — t f (l = 1 — til ~ 5 ) 

In this case the perturbation is zero at the origin. 
However, near the origin it behaves as 


b r b r 

V r small) = FTT+I7 = if" 


(6.45) 


where b Q is the coefficient of the first term of the polynomial into 
which the unperturbed function u Q can be expressed near the origin. Thus 




u Q (np) 


(6.44) 


The boundary conditions used here for the outward integration 
of equation (6.37) are therefore set as 

b r(l) 


C(l) = 0 


E(l) = 


12 


C(2) = r(2) B(2) - 


= 0 (since r(l)=0) 

hr (2) 


12 




(6.45) 


b r(3) 

0(3) = r(5) 3(3) = 

b r(4) 

0(4) = r(4) B(4) = 

(B.5) Angular Excitation d — (l = 2 ^ 1 . r =.4l 

In this case also the perturbation u^ is zero at the origin. 
Near- the origin, it however, behaves as 

2 

c r 




(6.46) 



where c Q Is the first term of the polynomial into which the unperturbed 
function n Q /r 5 can be expressed near the origin i.e. 


u Q (nd) 


(6.47) 


Hence, one can take the following values of G(j) and B(J) at and near 
the origin to start the outward integration of equation (6.37) . 


C(l) = 0 

0 ( 2 ) = fr(2)j 


B(l) = 0 

2- C Q {r(2)} S 

B(2)=*° 1 


20 


0(3) = |r(3 )Y B(3) 


20 




(6.48) 


(B.4) Angular Excitation d — -> s (1-2 * 1' - 0) 

The perturbation u^ will be zero at the origin and if we 

assume that the -unperturbed function u near the origin is given by 

o 


u (r) = 
o 


c Q (r) 3 + c^ (r)^+ c 2 (r) 5 + 


(6.49) 


we can see by inserting this form of u Q in equation (6.37) with ^ 1 - -6, 
that the perturbation near the origin behaves as 


"1 


(r) 


(c o^ r 

(c o )2r 

■ 12 c. 


(6.50) 



Thus, for the outward integration of equation (6.57) in this case we 
start with 


f 


0 ( 1 ) = 0 

0(2) = r(2) 


B(l) . = 0 


B(2) 



r(2) 


0(3) = r(3) 


B(5) 



r(5) 


\ (6.51) 


0(4) = r(4) 


B(4) 



lZo 1 


r(4) 


J 

As regards the toward integration process adopted here for 
equation (6.37), it may be remarked that this is done exactly in the same 
way as that adopted for the inward integration of equation (6.32) which 
corresponds to the radial excitations. 


The solutions of the outward and inward integrations are finally 
matched at the intermediate radius and constants A (see eqn. (6.30)) and 
a (see eqn. (6.31)) are determined exactly in the same manner as that 
followed for the radial excitations. 


One should note here that in the case of angular excitations 
u^ and u Q are already orthogonal and so it is not necessary to again make 
u^ orthogonal to u Q . 

VI. 5 C ERTAIN REMARKS W THE PROCEDURE O F 
NUMERICAL SOLUTION ADOPTED 


In the previous section a description of the procedure for the 



numerical integrations of the inhomogeneous Schrodinger equation was 
presented. The following points may be noted about this procedure. 

(i) We have always performed only one outward and only one 
inward integration and matched the two solutions at the 
matching radius. It has been found that although this 
procedure seems to work well for radial excitations, it is 
not equally good for angular excitations. In the latter 
case it will be better if one performs several outward 
integrations by numerically varying the constant A (see 
eqn. (6. 30)) till the solution becomes exponentially 
decaying in the outer region and then matches the outward 

# 

and inward integration solutions to find out the constant a. 

(ii) The boundary conditions taken near the nucleus are not very 
stringent. These can be made more stringent and the results 
improved. However, it is believed that the alterations in 
the results due to such changes in the starting conditions 
will not be significant. 

(iii) As has been said in remark (i) the use of a single outward 
and a single inward integration is not suitable for the 

m 

angular excitations.- It is more so in the case of the 
angular excitation nd — >s which corresponds to ^hl = -6 ; 

(see equation (6.38)). It can be easily seen that in all 
other angular excitations khl remains positive. The effect | 
of this fact is that u^ and u q happen to have the same 
number of nodes in all the excitations considered presently 
excepting in the excitation nd — ^s. Actually u^ (nd — >s) 



has one more node than the corresponding unperturbed 
function u (nd) . Due to this behaviour of the solutions 
of the perturbations u^(nd — >s) f the procedure described 
in section 4 is not reliable for this case. This point 
has also been noted by Sternheimer who has found that for 
(nd — > s) excitations (*fvl being negative) the inward 
integration of equation (6.37) is very unstable. For. 
example, a very small error in u^ at large r (of the order 
of one part in 10 to 10°) will lead to a function which 
diverges near the nucleus. Hence, in the case of (nd s) 
excitations one has to be careful both for the outward and 
inward integrations. It is therefore advisable to perform 
several outward and several inward integrations in this case 
and match the two well-behaved solutions at the intermediate 
radius . 

In view of the above remarks one may note that the values of 
the antishielding factor V calculated here are reliable because the 
contributions to this factor from the angular excitations is very small 
as compared to that from the radial exc5.tations . On the otherhand, the 
values of the R factor will be affected. Work on the modifications of our 
existing computer urogram to take into account the three points mentioned 
in the preceding paragraph is in progress. 

Before coming to the results and their discussion it may be 
pointed out here that the HF3 wave functions are available as X vs P(X) 
tables where X is the variable appearing in the Thomas-Fermi model of the 



atom and is related to the variable r as 


r =/XX (6.52) 

A* m this equation is the parameter defined as 

M = (i)(3TT/4)^(Z)^ (6.53) 

Hence in view of the above fact, instead of r the variable X is used in our 
computer program. All the expressions which are used in our program have 
therefore been modified accordingly. 

VI. 6‘* RESULTS AND DISCUSSION 

■ The results of calculations of ?nl — ^1‘) contributions 

and total Y^ in the systems A1 , G1 , Pr% Tm , Ce , Na , In , 
444 444 44 

Y ,-Bi and Am are presented in Tables VI. 1 to VI. 8. The results 

_ | |... |, 

of R(nl — >l f ) factor calculations in the rare earth ions Pr , Tm and 
4 4* " l * 

Ge are given in Table VI. 9. A comparison of the present results with 
those obtained from other wave functions is also gi-ven. The results 
obtained by using the perturbation-variation approach and other methods are 
also indicated. 

As has been said earlier the method employed in the present 

investigation for the numerical integration of the Schrbdinger equation is 

well-suited for the radial excitations only. Further, major contribution 

to V comes from the radial excitations only whereas for the R factor 
*oo 

calculations, the contributions from both radial and angular excitations 
are important. Thus, it is believed that the results of the present 

investigation are more reliable than the R factor results. 



The aim of the present work is, however, to see how the 

Hartree-Fock-Slater wave functions compare with the Hartree and Hartree- 

Fock wave functions as regards their capability of reproducing the 

quadrupole antishielding factors. In view of the earlier discussion, we 

shall restrict ourselves to a comparison of our V values with those 

'co 

calculated using Hartree or Hartree-Fock wave functions. Furthermore, 
from the present point of view, it would be most reasonable to compare the 
results of our investigation with the results of other calculations which 
employ the same method as employed here, namely the perturbation-numerical 
method. The "perturbation-variation method" is, however, more or less of 
the same degree of accuracy as the perturbation-numerical method employed 
here. Hence, occasionally we shall also utilize these results for 
comparison. The rest of the methods take into account, in some way or 
the other, the interdependence of the perturbed single-electron orbitals 
and hence they are of greater degree of accuracy. 

In Tables VI. 1 and VI. 2 we have included the results of the 
perturbation-variation calculations of factors for Al and Cl 

made by Burns ^ using both the Hartree and Hartree-Fock^ wave 
functions. These results clearly indicate that the effect of including 
exchange in the unperturbed wave functions is to bring down the value of 
l^^ooj * ^is effect has been confirmed by several other workers also. 

For example.', Sterbheimer , from calculations on Cs and Rb employing his 
perturbation-numerical approach finds a similar effect. This is 
reasonable also, because exchange contracts the outermost part of the 
electron density which in turn affects the contributions of the outer 
orbitals to in the above manner. It must be noted in this connection 



TAPLS VI. 1 


. Values o" Y^ (nl~^l ') and Total 'V^ Q for Al +++ 


Distortion 

Present 

Perturbation 

-Numerical 

Calculation 

Other Calculations 

'Perturbation 

-Numerical 

Perturbation 

-Variation 

Other Methods 

1 

2 

3 

4 

5 

Is— ind 

0.0539 

0.0530 a 

0.031 b 

0,04856° 

2s— ♦ nd 

0.1740 

0.1744 a 

0.278 b 

0.2775 dl 

d2 

0.2652 

0.31180° 

2p— » np 

-2.8908 

-2.82l0 a 

-3.129 b 

-3.258 dl 

-2.837 d2 


2p — > nf 

0.2290 

0.2350 a 

0.230 b 

-2.596° 

(2o— $.nf+np) 




0.2392 dl 

d2 

0.2311 


Total Angular 

0.4563 

0.463 a 



Tota 1 Radial 

-2.8908 

-2.8210 a 



Total 

-2.4339 

-2. 358 a 

-2.590 b 

-2.236° 





-2.570® 


a) Calculated by Sternheimer (ref. 7) using Hartree-Fock wave functions of* 
Froese (ref. 5l) . The contribution from Is— ?>nd excitation was, however, 
obtained by using hydrogenic wave functions. 


-Contd 



Table VI. 1 (Continued) 


b) Calculated by Das and Bersohn (ref. 10) using analytic HF ware 
functions interpolated by Lowdin (ref. 55) . 

c) Calculated by Langhoff and Hurst (ref. 29) within the framework of 
an uncoupled HF approximation, subject to proviso that exchange 

part of the Fock potential be exnressable as a multiplicative function. 
The wave function used is HF function of Clementi (ref. 57) 

d) Calculated by Burns (ref. 13). dl and d2 correspond to the use of 
Hartree (ref. 49) and Hartree-Fock (ref. 5l) wave functions 
respectively. 

e) Calculated by Lahiri and Mukherji (ref. 3l) following their self- 
consistent perturbation method (ref. 30). The result is accurate 
in the coupled HF scheme. 



TABLES VI. 2 


Values of (nl— +1' ) and Total N y^ o 


for 01 


Distortion 

Present 

Perturbation 

-Numerical 

Calculation 

Other Calculations 


Perturbation 

-Numerical 

Perturbation 

-Variation 

Other Methods 

1 

2 

3 

4 

5 

Is— ^nd 

0.0411 



0.1379 ai 

0.0453 s2 

2s— > nd 

0.1179 


0.1996 bl 

0.1924 al 




0.1951 b2 

0.2115 s2 

2p~ ^ np 

-1.5372 

-1.5° 

-1.643 bl 

-12. l f 



-1.5l d 

-1.522 b2 

-1.030® 


2p-> nf 

0.1563 


0.1602 bl 

-0. 5317 s1 
(2p— > np+nf) 




b2 

0.1586°^ 

-1.006 s2 
(2p— ^ np+nf) 

3 s — > nd 

0.3833 


0.6765 bl 

ol 

-0.7659 


-56.5° 


0.6543 


,b2 


-158.49 


,bl 


-0.7857 s2 
-78. 3 f 


-57.0 


d 


b2 

-50.07 * 


-68. 4 g -49.95® 

-158 . 5 h 


-50.07 h 

-27.04 h 


3p-^np 


-81.8744 



Table VI. 2 (Continued) 


1 

2 

3 

4 

5 

3p— > nf 

0.7016 


0.7351 131 

(3p— >np+nf) 




0.7361 b2 

-53.95 a2 
(3p— ^ np+nf) 

Total Angular 

1.4002 

1.42° 

1.7 s 

3.4— 5. 5 f 



1.4 d 



Total Radial 

-83.4116 

-58.00° 

-58.51 d 



Total 

-82.0114 

-56.2° 

-49.28® 

-66 . 56 al 



-57.11 d 


-53.91® 2 
-87.0 to -84. 9 f 

-63. 21 1 


I 


a) Calculated by Langhoff and Hurst (ref. 29) within the framework 
of an uncoupled HF approximation, subject to proviso that exchange 
part of the Fock potential be expressable as a multiplicative 
function, al and a2 correspond to the use of HF functions of 
Watson and Freeman (ref. 22; and Clementi et al. (ref. 58). 

b) Calculated by Burns (ref. 13). bl and b2 correspond to the use 
of Hartree and Hartree-Fock functions of Hartree (ref. 50) and 
Hartree and Hartree (ref. 52) respectively. 

c) Calculated by Sternheimer and Foley (ref. 5) using Hartree-Fock 
function of Hartree and Hartree (ref. 52). Total angular 
contribution was, however, calculated earlier by Foley et al. 

(ref. 3) using these Hartree-Fock functions. 

d) Calculated recently by Sternheimer (ref. 7) using Hartree-Fock 
functions of Hartree- and Hartree (ref . 52) . In this work 
Sternheimer also found that the effect of taking into account 
the direct (non-exchange) terms of the electrostatic interaction 
in second order is to change the value from -57.11 to -45.9. 


-Contd. 




Table VI- 2 (Continued) 


e) Calculated by Wickner and Das (ref. 11) using Hartree-Fock functions 
of Hartree and Hartree (ref. 52). The total angular contribution 
+1.7 is, however, estimated using Thomas-Fermi model of the atom. 

These authors also calculated the total angular contribution of 
+1.40 using the perturbation-variation procedure. 

f) Calculated by Watson and Freeman (ref. 22) using their self-consistent 
field UHF method. 

• 

g) Calculated recently by Sternheimer (ref. 7) using Hartree-Fock 
function of Watson and Freeman (ref. 22). 

h) Calculated by Burns and Wickner (ref. 14). Values -158.5 and -50.07 
correspond to the use of Hartree and Hartree-Fock functions of 
Hartree (ref. 50) and Hartree and Hartree (ref. 52) respectively. 

The value -27.07 is obtained by taking into account the contraction 
of the Hartree-Fock wave function of Hartree and Hartree (ref. 52) 
due to the actual fields in which the ion is situated. 

i) Calculated by Lahiri and Mukherji (ref. 31 ) following their 
self-consistent perturbation procedure (ref. 30). The result 
is accurate in coupled HF scheme. 




that the outer orbitals contribute the most to V in contrast to "the 

l oo 

inner orbitals. 

The results of Y (nl ->1*) and total Y Al +++ 

00 l oo 

calculated presently (see Table VI. l) compare very well with those 

calculated by Sternheimer using Hartree-Fock wave functions of Froese 

indicating thereby the fact that HFS wave functions are pretty good 

approximation to HF wave functions. A value Y (total) = -2.590 was 
/' 00 

calculated by Das and Bersohn earlier using the analytic HF wave functions 

53 

interpolated by Lowdin° . Lowdin's wave functions thus seem to be somewhat 

51 

more external than the HF wave functions of Froese which result in the 
value -2.358 for (total) . The HFS value Y^ (total) = -2.434, however, 
indicates the fact that the HFS wave functions are slightly external than 
the HF wave functions. The fact is confirmed further when we compare the 
Y (2p — ^ np) value of the present calculation with that of Sternheiraera 
calculations. In passing it may be mentioned here that Sternheimer^ has 

^ i | 

carried out R factor calculation on A1 explicitly including the exchange 
terms in the interaction energy with the induced quadrupole moment for 
various orbital electrons. This procedure, however, has not been used 
widely in the literature. As an example, -of the present calculations of the 

-j--| ..| ^ 

perturbations in AI , Figure VI* i shows the perturbation u^(2p — > Bpigjjg 
together with the unperturbed u Q (2p)gpg function. 

In Table VI. 2, which presents our HFS results of Yqq 
calculations for Cl”, we have also included a result from perturbation- 
variation calculation of i (5p — > np) carried out by Burns and Wickner 
utilizing Hartree function 50 . The absolute value of Y 00 ( 5 P ~^np) 

= 158.5 obtained with Hartree wave function is much larger than other 
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. VI. 1: THE 2p HFS FUNCTION u 0 (2p) AND ITS PERTURBATION i^Up— -np) FOR Al +++ 
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values calculated using Hartree-Fock wave functions (vide Table VI. 2) . 

I '^oo -^ n P)| H F va ^- ues calculated in the perturbation-numerical 
approach ranges from 56.5 to 68.4. The value obtained using the HFS 
wave functions, however, corresponds to J ^ (3p ->np) J = 81.874., This 
indicates the fact that for the negative ions, the difference between HFS 
and HF wave functions i3 larger than that for the positive ions. Further, 
it is surprising that the (total) for Cl” obtained by us using HFS 

wave functions compare most favourably with the value obtained by Watson 

22 

and Freeman' following their self-consistent field UHF-method. 

Figure 71.2 shows the unperturbed u o (ls) I j^ function and the corresponding 
u^ls nd)^^ perturbation and Figure 71.3 shows the unperturbed 
u o (3p) IffS function and the corresponding u^(3p n P^HFS P ertur kation 
for Cl - ion. 

In Tables 71.3, 71.4 and 71.5 the results for (nl ->1«) 

and total V for the rare earth ions Pr , Tm and Ge have been 

*oo 

presented. From Tables 71.3 and 71.4 we clearly see that the use of the 

HFS wave functions in our calculations brings down the K (total) | values 

6 7 . 9 

as compared to those calculated by Sternheimer f and by Ghatlkar et al. 

54 

Both these groups utilized the Hartree functions of Ridley * l T o results 
of calculations utilizing HF wave functions as the unperturbed ones 
exist because of the lack of the Hartree-Fock functions for Pr and 
Tm +++ ions. For Ce*** (see Table 71.5) we find that our results for the 
outer orbital contributions to v ro (total) compare favourably with those of 
Freeman and Watson 25 who performed complete m^-UHF solution of the Hartree- 
Fock equation including the perturbation potential. This method is 
believed to be more accurate than the one employed by us since this is an 
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THE 3p HFS FUNCTION u 0 (3p) AND ITS PERTURBATION Uj(3p— ^np) FOR Cl". 
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TABLE VI. 3 


Values of Y (nl— >1') and Total Y for p r +++ 
00 'oo 


Distortion 

Present 

Perturbation 

Other 

Calculations 

— Numerical — 
Calculation 

Perturbation 

-Numerical 

Perturbation 

-Variation 

1 

2 

3 

4 

Is— > nd 

0.0117 

0.011 a 


2s— > nd 

0.0257 

0.027 a 


2,p— > np 

-0.2412 

-0 . 240 a 

-0.23° 



-0.243 b 


2p—> nf 

0.0361 

0.037 a 


3s~~^ nd 

0.0512 

O.Q46 a 


3p — ^ np 

-1.4583 

-1.507 a 

-0.44° 



-1.545 b 


3p->nf 

0.0788 

0.081 a 


3d — ^ ns 

-0.0194 

0.024 a 


3d— >nd 

-0.3137 

-0.32.5 a 

-0.31° 



-0 . 322 b 


3d~> ng 

0.0894 

0.491 a 


4s~ ^ nd 

0.0971 

0.086 a 


4p— ^np 

-7.9281 

-8.842 a 

-6.8° 



-8.81 b 


4p_^nf 

0.1703 

0.176^ 


4d~>ns 

-0.0183 

0.365 a 





Table VI. 3 ( Continued) 


1 

2 

3 

4 

4d-»nd 

-2.4975 

-2 . 878 a 

-1.64° 



-2,83 b 


4d—> ng 

0.2261 

0.239 a 


5s— ^ nd 

0.1500 

0.238 a 


5p~ > np 

-52.5955 

-68.853 a 

-69. 7 b 

-98.1° 

4f — ^nf 

-0.5536 



Total Angular 

1.3853 

2.158 a 

2.54° 



2.5 b 


Total Radial 

-65.5879 

-82.645' 2 


Total 

-64.2026 

-80. 487 s 

-80. 9 b 

-105.0° 

a) Calculated 
of Ridley ( 

by Ghatikar et al. 
ref. 54) 

(ref. 9) using Hartree 

functions 


b) Calculated by Sternheimer (ref. 6 and ref. 7) using Hartree 
functions of Ridley (ref. 54). The total angular contribution was, 
however, estimated using Thomas-Fermi model. 

c) Calc ula ted by Wickner and Burns (ref. 15) using Hartree functions 
of Ridley (ref. 54) . 



TABLE 71.4 


Values of V (nl->l f ) and Total V for Tm * 

’CO 'CO 


Distortion 

Present 

Perturbation 

Other 

Calculations 

—Numerical — 
Calculation 

Perturbation 

-Numerical 

Perturbation 

-Variation 

1 

2 

3 

4 

Is— >nd 

0.0101 

omo a 


2s — >nd 

0.0217 

0.022 a 


2p— >np 

-0.1980 

-0.196 a 

-0.1 96 b 

-0,18° 

2p~> nf 

0.0307 

0.032 a 

* 

3s— ^ nd 

0.0459 

0.040 a 


3p— ^ np 

-1.1300 

-1 . 240 a 

-1.175 b 

-0.31 C 

3p— »nf 

0.0636 

0.066 a 


3d— ^ ns 

-0.0151 

-0.0C3 a 


3d— ^ nd 

-0.2346 

-0 . 240 a 

-0.237 b 

-0.23° 

3d— ^ ng 

0.0722 

0.074 a 


4s— ^nd 

0.0725 

0.074 a 


4p— 7*np 

-6.3191 

-6. 972 a 

-6.79 b 

-6.5° 

4p — j^nf 

0.1402 

0.138 a 


4d— ^ns 

-0.0179 

0.136 a 




Table VI. 4 (Continued) 


1 

2 

3 

4 

4d~^ nd 

-1.9498 

-2.163 a 

-2.18 fc 

-1.20° 

4d~“^ng 

0.1800 

0.185 a 


5s — > nd 

0.2485 

0 . 219 a 


5p— > np 

-49.8435 

-64.773 a 

-67. 2 b 

-59.0° 

5p— ^ nf 

4f— >nf 

0.3323 

-2.9813 

0.392 a 


Total Angular 

1.1844 

1.385 a 

2.5 fc 

2.92° 

Total Radial 

-62.6564 

-75.584 a 


Total 

-61.4720 

-74.199 a 

-75. 3 b 

-61.5° 


a) Calculated by Ghatlkar et al. (ref. 9) using Hartree functions 
of Ridley (ref. 54) . 

b) Calculated by Sternheimer (ref. 6 and ref. 7) using Hartree 
functions of Ridley (ref. 54). Total Angular contribution 
was, however , estimated using Thomas -Fermi model. 

c) Calculated by Wickner and Burns (ref. 15) using Hartree 
functions of Ridley (ref. 54) . 



TABLE 71.5 


4 - 4 - 4 - 

Tallies of V (nl-^1 1 ) and Total V for Ge 
1 00 *00 


Distortion 

Present 

Perturbation-Numerical 

Calculation 

8- 

Watson-Freeman Calculation 

1 

2 

3 

Is— ^ nd 

0.0118 


2s— ^ nd 

0.0267 

• 

2p— > np 

-0.2464 

-1.5 

2p— ^ nf 

0.0370 


3s~> nd 

0.0551 


5p — n p 

-1.5035 

-4.0 

3p— ^ nf 

0.0806 


3d-> ns 

-0.0199 


3d-> nd 

-0.3249 

-0.50 

3d— ng 

0.0912 


4s— ^ nd 

0.1151 


4p— ^ np 

-8.1778 

-11.0 

4p— ^ nf 

0.1744 


4d— ^ ns 

-0.0188 


4d— ^ nd 

-2.5812 

-2.50 

4d— ^ ng 

0.2326 


5s“ ^ nd 

0.2433 


5p— > np 

-53.1045 

-54.0 


5p— > nf 


0.4391 



Table VI. 5 (Continued) 


1 

2 

3 

4f — j>nf 

-0.2351 


Total Angular 

1.4682 


Total Radial 

-66.2236 

-73.5 

Total 

-64.7554 



a) Calculated by Freeman and Watson (ref. S3) using Self-Consistent-Field 
ni]_ unrestricted Hartree-Fock method for complete solution. 




SGF method and includes the distortion of the inner shells due to the lar ge 
perturbation of the outer shells (for example the 5p-shell) also (apart from 
the distortion due to the crystal field) . This is why the agreement for the 
values of for the inner orbitals is not as good as that for the outer 

orbitals. However, the interesting agreement between ^ (nl — 1') values 
calculated presently and those calculated by these authors for the outer orbitals 
show that HFS wave functions are reasonably good approximation to HF wave 
functions . 


From Table 71.6 (which collects the Y oo (nl — 1') and Y-*-, (total) 


•oo 


4* 

values for Ha ion) also it is seen that HF3 wave functions can be used to produce 
the Y^ values to a fairly high degree of accuracy in the perturbation-numerical 
approach. From this table we see that | | fppg slightly higher than 

I y^HF anc ^ ^ 4s because of the fact that in the HFS scheme the outer orbitals 
do not seem to be as much contracted as in the HF scheme. It is encouraging to 
note that the (total) for Fa + obtained by us using HFS wave functions 

“GO 

. 31 

compare most favourably with the value obtained by Lahiri and Mukherj i"' 
following their self-consistent perturbation procedure which is accurate in 
the coupled HF scheme. The unperturbed ^(Sp)^ function and its perturbation 
^(2? nf ^HFS for Ka are 3hown in ^-gur® 71. 4. 


...| .. | | 

Table VI .7 contains the results of ^(nl — l l ) for the In 

8 

ion. It also includes the results obtained by Sternheimer using the same 
procedure as the present one, butimking use of the neutral atom HFS wave 
functions instead of the actual ion wave functions. Since the ionic wave 
functions are more internal we find that j j calculated presently using 
HFS wave functions for the In ion is less than that calculated using 
the HFS wave functions for the neutral In atom. The value obtained by Burns 

rr 

and mckner 14 using Hartree functions of Ridley u and the perturbation- 
variation method is -15.33. This is, however, very surprising because the 
use of Hartree wave functions is supoosed to yield a j Y^ | value higher 
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TAELS VI. 6 


Values of Y^nl— >1') and Total ^ 


for Na 


Distortion 

Present 

Perturbation 

-Numerical 

Calculation 

Other Calculations 

Perturbation 

-Numerical 

Perturbation 

-Variation 

Other Methods 

1 

2 

3 

4 

5 

ls~^ nd 

0.0640 

0.0 62 a 

0,Q64 b 

0.05872° 

2s — ^ nd 

0.2279 

0.234 a 

0.326 b 

0.37200° 




0,5275 d 


2p— ^np 

-5.6274 

-5.16 a 

-5.23 b 




-4.70 8 

-5.28 d 


2p~^ nf 

0.3076 

0.303 a 

0.304 b 

0.3065 d 

-4.150° 

(2p->np+nf) 

Total Angular 

0.5995 

0 . 599 a 





0.6® 



Total Radial 

-5.6274 

-5 JC6 a 



Total 

-5.0279 

-4.561 a 

-4.534 b 

-4.497° 



-4.10® 

-4 . 6460 d 

-5.178 f 


a) Calculated by Sternheimer (ref. 6) . For 2s and 2p orbitals 
Hartree-Fock functions of Hartree and Hartree (ref. 59) and 
Loftdin f s (ref. 53) analytic fit to the Hartree-Fock function 
of Hartree and Hartree (ref. 59) were used. The ls - ^ nd 
contribution is approximated using hydrogenic wave function 
(ref. 2). 

. b) Calculated by Das and Bersohn (ref. 10) using Lowdin ! s (ref, 53) 
analytic fit to Hartree-Fock wave functions of Hartree and 
Hartree (ref. 59) . 


-Contd. 



Table VI. 6 (Continued) 


c) Calculated by Langhoff and Hurst (ref. 29) within the framework of 
an uncoupled HF scheme, subject to proviso that the exchange part 
of the Fock potential be expres sable as a multiplicative function. 
These authors used analytic Hartree-Fock function of Bagus (ref. ©3). 
They also report values of -4.514 and -4.505 for total antishielding 
factor using analytic Hartree-Fock functions of Clement i (ref. 6l) 
and Sachs (ref. 62). 

d) Calculated by Burns (ref. 13) using the Hartree-Fock wave functions 
of Hartree and Hartree (ref. 59) . 

e) Calculated by Sternheimer and Foley (ref. 5) using Hartree-Fock 
wave function of Fock and Petrashen (ref. 63) for.3p orbital. 

Total angular contribution was, however, calculated by Foley 

and coworkers (ref. 3) using the above Hartree-Fock wave functions. 

f) Calculated by Lahiri and Mukherji (ref. 3l) following their 
self-consistent perturbation procedure (ref. 30). The result 
is accurate in coupled HF scheme. 



TABLE 71.7 


Values of V (nl-^1 1 ) and Total V for In* * * 

00 CO 


Distortion 

Present 

Perturbation 

Other Calculations 

-Numerical • ~ 
Calculation 

Perturbation 

-Numerical 

Perturbation 

-Variation 

1 

2 • 

3 

4 



(a) 

(b) 

ls~> nd 

0.0141 



2 s— > nd 

0.0325 



2p— >np 

-0.3082 

-0.31 

-0.32 

2p— ^ np 

0.0445 



3s— > nd 

0.0656 



3p->np 

-2.0770 

-2.13 

-1.06 

3p— > nf 

0.1022 



3d— ^ ns 

-0.0266 



3d— ^nd 

-0.4791 

-0.51 

-0.55 

3d— > ng 

0.1108 



'4s— £ nd 

0.1579 



4p— ^ np 

-14.7440 

. -15.77 

-7.41 

4p— j^nf 

0.2543 



4d — ^ ns 

-0.0143 



4d— ^ nd 

-7.1171 

-8.40 

-7.89 

Id - ^ ng 

0.3707 




Table VI. 7 (Continued) 


1 

2 

3 

4 



(a) 

(b) 

Total Angular 

1.1177 

2.2 

1.9 

Total Radial 

-24.7254 



Total 

-23.6077 

-24.9 

-15.33 


a) Calculated by Sternheimer (to be published Private Communication) 

using Hartree-Fock-Slater wave functions (ref. 32) for neutral In 
atom. He, however estimated that the values calculated thus., using 
neutral atom wave functions instead of actual ionic wave functions 
will overestimate the result by about 4 The Ionic wave 

functions are more internal and therefore the absolute value of the 
antishielding factor decreases when actual ionic wave functions are 
used. The total angular contribution was estimated using Thomas- 
Fermi model. Only 4p — ^ np and 4d— ^nd contributions were actually 
calculated. The rest of them were found by interpolation or 
extrapolation. 

b) Calculated by Burns and Wickner (ref. 14) using Hartree wave 
functions o p Ridley (ref . 55) . 


than that obtained using the HF or HF5 wave functions. Presumably, this 
unexpected result is due to some error in the calculations of Burns and 
Wickner . 

Table FI. 8 contains the values of V (nl —■*!') and total V 

*00 ' * CO 

• - j - } T -j- -j- | 

for the ions Y , Bi and Am calculated presently with HF3 wave 

functions for these ion3 and also the corresponding values calculated by 
8 

Sternheimer" using the neutral atom HF3 wave functions for the respective 
ions. The perturbation u^(3d — and the unperturbed u q ( 31)^2 
functions for Y are shown in Figure ¥1.5. 

Table ¥1.9 contains the results of R factor calculations 

I | 

in the perturbation-numerical formalism for the rare earth ions Pr , 

Tm and Ge pertaining to the 4f-valence electron. A3 has been said 

earlier the values of R factor calculated in the present investigation are 

not as reliable as those for 'Y factor. The present values, however, maybe 

taken as rough estimates utilizing the HFS wave functions. For Pr and 

Tm ions we can compare our results with the corresponding results of 
7 9 

Sternheimer and Ghatikar et al. both of which utilize Hartree wave 

54 

functions of Ridley ~. Sternheimer, however, uses the HF functions of 
56 

Freeman and Watson for the 4 it valence electrons in these ions. We shall, 
compare our results with those of Ghatikar et al. only. It Is found by this 
comparis'on that the use of the HFS wave functions instead of H wave functions 
brings down the value of R(total) , It would be, however, interesting to 
compare our R^p^ values with R^p values for these systems. Unfortunately 
the HF wave functions and hence R^p values are not available. The 
refinements in the procedure for calculating u^, the perturbation in the 
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TAELS 71. 8 


Tallies of V. 

*00 

(nl— >1 ! ) and Total 

. / - ^ . +-H- 

Y for Y ,Bi 
t od ? 

and Am Ions* 

Til rt*r* rv v% 4" 


Ion 


I/IS u Oxu ion 

T 4 ^ 

_i . 1 1 

p-{» 

Bi 

Am 44 

1 

2 

3 

A 

*x 

la— ^ nd 

0.0176 a 

0.0083 s 

0.0072 s 

2g— ^ nd 

0. 0415 s 

0. 0178 s 

0.0154 s 

2p— >np 

-0 .4077 s 

-0.1585 s 

-0.1352 s 


-0.42 b 

-0.16 b 

*b 

-0.13 

2p~> nf 

0.0572 s 

0.0252 s 

0.0222 s 

3s~ ^ nd 

0.0951 s 

0.0354 s 

-0.0354 s 

3p— ^ np 

-3.4463 s 

-0.8584 s 

-0.7077 s 


-3.49 b 

-0.87 b 

-0 . 69 b 

3p— ^ nf 

0.1449 s 

0.0501 s 

0.0423 s 

3d— > ns 

-0.0399 s 

-0.0116 s 

-0.0096 s 

3d— ^ nd 

-0.9595 s 

-0.1732 s 

-0.1406 s 


-0.98 b 

-0 . 17 b 

-0.14 b 

3d— ^ng 

0.1701 s 

0.0570 s 

0.0481 s 

4s nd 

0.2882 S 

0.0621 s 

0.0455 s 

4p— ^ np 

-27.1319 s 

-4.1745 s 

-3.0641 s 


-30.88 b 

-4 . 30 b 

-3.1 b 

4p-'> nf 

0.4122 S 

0.1065 s 

0.0840 s 

4d— ^ ns 


-0.0141 s 

-0.0091 s 

4d— > nd 


-1.1284 s 

-0.7678 s 



-1.16 b 

-0.70 b 



Table VI. 8 (Continued) 


1 

2 

3 

4 

4d~ ^ ng 


0.1309 s 

0.1039 s 

4f-> nf 


-0. 7758 a 

-0.4149 s 



-0.72 b 

-0.40 b 

5s nd 


0.1241 a 

0.0972 s 

5p— ^ np 


-24.3411 a 

-14.1679 s 



-25.99 b 

ih 

-15.21 

5p— > nf 


0. 2870 s 

0.1787 s 

5d— > ns 


0.0061 s 

0.0111 s 



1.388 b 


5d— ^ nd 


-10.5391 s 

-4.7389 s 



-12.05 b 

-5.19 b 

5d— i» ng 


0.3693 s 

0.2396 s 

SP— »nf 



-5.0269 s 




-4.77 b 

6s nd 


0.5310 s 

0.2721 s 

6p— ■ ^ np 



-106.4563 s 




-110. 50 b 

6p— > nf 



0.0856 s 

Total Angular 

1.1868 a 

1.7851 s 

1.1987 s 


2.2 b 

3.0 b 

3.5 b 

Total Radial 

-31.9454 a 

-42.1435 s 

-135.6203 s 

Total 

-30.7586 a 

-40.5584 s 

-134.4216 s 


-33. 6 b 

-42. 4 b 

-137. 3 b 


-Contd 


Table VI. 8 (Continued) 


*) For these ions no Hartree or Hartree-Foek values exists. 

a) Present perturbation-numerical calculations using Hartree-Fock-Slater 
wave functions (ref. 32) for the corresponding ions. As has been 
mentioned in the text the contributions from nd— ^ ns type of 
excitations are not reliable because of the fact that the procedure 
employed in the present work is not well-suited for such a case where 
the solution is highly unstable. 

b) Calculations made by Sternheimer (to be published, Private 
Communication) using Perturbation-Numerical Procedure. He, however, 

uses the neutral atom HFS wave functions in place of the actual ionic 
wave functions. According to his estimate the overestimate of the 
absolute value of the antishielding factor due to the use of the 
neutral atom wave functions instead a? the actual ionic wave functions 
is A 5%. See also footnote 'a' of Table VI. 4. Sternheimer actually 
calculates contributions from 3p~ ^ np and 3d~ ^ nd excitations for Y, 
contributions from 4p— ^np, 4d~ ^ nd , 4f—^nf, 5p~ ^ np and 5d~^nd 
excitations for Bi and contributions from 5p— ^np, 5a ^ nd, 5f ^ nf 
and 6p— > np excitations for Am. Rest of the radial excitation 
contributions were extrapolated or interpolated. Contribution from 
only one angular excitation, namely 5d— ^ ns for Bi was actually 
calculated. The total angular contributions given here are obtained 
using Thomas-Fermi model. 



TABLE 71.9 


Values of R(nl-H') and Total R for Pr" r " H ", Tm + " H ' and Ge + * ' Ions Pertaining 

to the 4f Valence Electron in them 


Ion 

U± S OUX'O-LUIl 

„ +-H- 
Pr 

+++ 

Tra 

J i .1 

T*t**t“ 

Ce 

1 

2 

3 

4 

Is— > nd 

0.0117 a 

0.0101 a 

0.0118 a 


0.002 b 

o.oo b 


2s— > nd 

0.0247 a 

0.0206 a 

0. 0257 s 


0.022 b 

0.0l9 b 


2p~ > np' 

-0.2228 a 

-0.1796 s 

-0. 2283 s 


-0.17l b 

-0.l25 b 


2p— > nf 

0.0352 a 

0.0298 a 

0.0361 s 


0.029 b 

0.026 b 


3s nd 

0.0331 a 

0.0279 a 

0.0361 s 


0.030 b 

0.024 b 


3p — ^ np 

-0.5825 a 

-0.3910 a 

-0.6132 s 


-0 . 657 b 

-0.470 b 


3p— nf 

0.0537 s 

0. 0410 s 

0. 0553 s 


0.058 b 

0.043 b 


3d— > ns 

-0.0182 a 

-0.0142 a 

-0.0187 s 


0.008 b 

-0.006 b 


3d-*^ nd 

-0 . 1463 s 

-0.1015 s 

-0.1532 s 


-0.162 b 

-0.107 b 







Table VI. 9 (Continued) 


1 

2 

3 

4 

3d"*^ ng 

0.0667 s 

0.0522 s 

0.0682 s 


0.070 b 

0.053 b 


4s-"^ nd 

0.0177 a 

0.0107 s 

0.2221 s 


0.018 b 

0.011 b 


4p~ ^ np 

0.1927 s 

0.1983 S 

0.1828 s 


0.071 b 

0.161 b 


4p— > nf 

0.0326 s 

0.0229 s 

0.0341 s 


0.037 b 

0.023 b 


4d~^ ns 

-0.0134 s 

-0.0102 S 

-0.0139 s 


0 »027 b 

0.003 b 


4d~^ nd 

0.0648 s 

0.0573 s 

0.0648 S 


0.046 b 

0.055 b 


4d— ^ ng 

0.0402 s 

0.0287 S 

0.0420 s 


0.045 b 

0.033 b 


5s— ^ nd 

0.0025 s 

0.0030 s 

0.0045 S 


o.QG5 b 

0.003 b 


5p — np 

0.5133 S 

0.32.79 s 

0.5448 s 


0.710 b 

0.396 b 


5p- ^ nf 

0.0072 s 

0.0041 S 

0.0073 s 


0.012 b 

0.006 b 


Total Angular 

0.2937 s 

0.2266 s 

0.3108 s 


0.363 b 

0.240 b 



0.2952° 

0.2252° 



TahLe VI. 9 (Continued) 


1 2 

3 

4 

Total Radial -0.1808 a 

-0,0885 a 

-0.2022 s 

-0.163 b 

-0.090 b 


-0.1644° 

-0.0951° 


Total 0.1l29 a 

0.1381 a 

0. 1086 s 

0.200 b 

0.150 b 


0.1308° 

0.1296° 



a) Present Perturbation-Numerical Calculations using Hartree-Fock-Slater 
wave functions (ref. 32) . is has been mentioned in the text the 
contributions from the angular excitations are not quite reliable. 
Since here the contributions of angular excitations are as important 
as those of radial excitations, the total R values are also not 
quite reliable. 

b) . Calculated by Ghatikar and coworkers (ref. 9) using Perturbation- 

Numerical approach and Hartree wave functions of Ridley (ref. 54) . 

c) Calculated by Stemheimer (ref. 7) using Perturbation-Numerical 
approach and Hartree functions of Ridley (ref. 54). He, however, 
uses HF function of Freeman and Watson (ref. 56) for 4f-orbital« 

The angular contribution is calculated using Thomas-Fermi model. 



wave functions, especially for the angular excitations may lead to a 
more complete evaluation of the HFS wave functions . Further work along 
these lines is in progress. 

71.7 CONCLUSION 

From the discussion of the previous section it is clear that 
the use of HFS wave functions in the perturbation-numerical approach of 
Sternheimer reproduces the values of N y^ factors for positive ions 
sufficiently close to the values obtained by the use of HF wave functions. 
Inclusion of exchange in the HF formalism contracts the outer orbital 
wave functions and this results in the fact that j J value obtained 
using Hartree wave functions is higher than that obtained using HF wave 
functions in the perturbation-numerical or perturbation-variation 
approach. The fact that jV^J values obtained presently using HFS wave 
functions are slightly higher than those obtained using HF wave functions 
indicates that the Slater free-electron exchange approximation and its tail 
correction as carried out by Herman and Skillman are slightly less effective 
than the actual exchange terms of the Hartree-Fock equations In contracting 
the outer orbitals of the atomic systems . On the other hand, in the 
previous Chapters we have concluded that Slater free-electron exchange 
approximation with the tail correction ‘Overemphasizes the role of 
exchange. Hence we conclude: here that this overemphasis is not due to 
the overcontraction of the outer orbitals. This statement is also 
supported by the fact that the HK> results of diamagnetic susceptibilities 
are in good agreement with the corresponding HF results whereas the 
agreement between HFS nuclear magnetic shielding values with the 



corresponding HF values was not as good. The present investigation 
suggests that a modification of the Slater free -electron exchange 
potential in the inner regions as well might improve the HFS wave functions. 
Efforts in this direction will be rewarding. 
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APPENDIX A 



APPSHDIX A 


Here we make use of the relation (See eqn. 5.19, Chapter III) 

, , jX 2 (Z) 

= - f -ihr <*•« 

to evaluate the nuclear magnetic shielding ( Gyp) values for the varipus 
isoelectronic series (n = 2 to n = 27) for which HF total energy values 
are available from the work of Clement! (See ref. 3, Chapter III) on the 
analytic EF wave functions of the positive ion isoelectronic series 
(n = 2 to n = 27) . We have fitted the energy values by least square method 
to a three-term polynomial of the type 

E (Z) = A Z 2 + B Z + C (A.2) 

n n n n 

since this was found in general to be the best one for all the isoelectronic 
series considered. Indeed, a simple power series type of expansion in Z with 
four terms was tried and found to yield poorer results for many isoelectronic 
series. Details of the least square method of polynomial fitting are well 
known (See refs. 22 and 23, Chapter III). Table A.l gives the results of 
the least square fitting. The calculated energy values using the 
polynomials obtained and the standard error data are also given there. 

From equations (A.l) and (A.2) we get 

2 

<5~(Z) = - (A Z + B ) (A.3) 

o n n 

which is the equation used for evaluating the nuclear magnetic shielding 

(Al) 



values for the various members of the isoele ctronic series containing n 

electrons. Using the relationship (A. 3) and the coefficients A and B 

n n 

appearing in the polynomial E^Cz) collected in Table A.l we calculated the 
nuclear magnetic shielding values for the neutral atoms (Z=n) and singly, 
doubly and triply charged positive (Z = n+1, n+2 and n+3) and negative 
(Z = n-1, n-2 and n-3) ions for the various isoelectronic series 
containing two (n=2) to twentyseven (n=27) electrons. The values 

obtained thus for the netural atoms and singly charged positive and 
negative ions are given in Table A. 2. This table also contains, for 
comparison, the corresponding HA-p values calculated by Malli and Eraga 
(see ref. 18, Chapter III) using directly analytic HF wave functions. As 
can be seen here, the values of the present calculations agree very well 
with those of Malli and Fraga showing thereby that the present method is 
almost as powerful as the direct quantum mechanical calculation using 
the wave functions. This is, of course, a consequence of the fact that 
the 3CF wave functions are stable (see ref. 2, Chapter III) under one- 
electron perturbation such as the one considered here, namely a change 
in the atomic number Z. 


It should be noted here that from n = 2 to n = 18 the 
isoelectronic series used for getting the polynomials S r (Z) were of the 
type A(Z), B + (Z+l), C ++ (Z+2), D +++ (Z+3), E ++++ (Z+4 )j for n = 19 it was 
Se 44 , Ti W , V 4444 , Cr +44+4 , ^ ++44++ and from n = 20 to n = 27 these 
were of the type A ,4 (Z'), B ,4+ (Z'+l), C’ 4 (Z‘+2), D* (Z’+3), 

E ,44++4 (Z , +4) . Although we did not use the energy data on negative ions 
in the process of getting the polynomials E^iZ) , we see that the shielding 



values obtained for the negative ions are as good as those for the 
neutral atoms and the positive ions. Furthermore y for n = 19 the 
agreement between our shielding values and those of Malli and Fraga is 
also encouraging especially in view of the fact that the neutral atom, 
and singly charged positive ion energy data were not available to us. 

From n = 20 to n = 27 the agreement between our shielding values and 
those directly calculated using wave functions for the neutral atoms 
is also worth noticing. 

.Table A. 3 contains the G^p values obtained by the present 
procedure for doubly and triply charged positive and negative ions of the 
various isoelectronic series. These values are considered reliable in 
view of the discussion given above. It is interesting to note that 
we have here made available G^p values for doubly and triply charged 
negative ions for which HF wave functions are not available! 

In conclusion we wish to point out that .-the present procedure 
for evaluating the shielding values seems to be a very useful one. 

It, however, requires the knowledge of the SCF total energy values for 
four or five members of each isoelectronic series. 





Table A.l (Continued) 



++++ 120,54 120.54 
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671.81 671.81 
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Table A.l (Continued) 



6’9S3T 6-992T 



Table A.l (Continued) 



+ 



1502,9 1502.8 



H 

to 

CD 

CO 

LO 

HI 

o 

CO 


to 

H 

to 

* 

• 

• 

* 

• 

* 

• 

• 

• 

• 

& 

*, 

02 

o 



o 

T^ 

to 

to 

to 

to 

CO 

in 

to 

00 

o 

A 


CO 

o 

to 


o 

so 

£> 

02 

to 

VO 

to 

t- 

to 

in 

to 

r- 

LO 

to 

2> 

H 

H 

H 

h 

H 

H 

H 

H 

H 

H 

H 

H 


Cv2 

to 

00 

CO 

LO 

H 

O 

CO 

m 

to 

H 

CD 

m 

• 

• 

* 

• 

« 

• 

• 

m 

9 

* 

* 

02 

o 



o 

H 

to 

to 

to 

to 

CO 

m 

to 

CO 

o 

SO 

r> 

CO 

o 

to 

z> 

o 

so 

z> 

02 

to 

m 

to 

!> 

to 

LQ 

CD 

z> 

in 

to 

£> 

H 

H 

H 

H 

H 

H 

H 

H 

H 

H 

H 

H 




HF Nuclear Magnetic Shielding Values (CT^, xlO D ) for Neutral Atoms and Singly Charged 
Positive and Negative Ions Calculated Using Energy Polynomials for the Various 
Isoelectronic Series from Z = 2 to Z = P7 
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TABLE A. 3 


HF Nuclear Magnetic Shielding Values (CT^. xlO^) for Doubly and Triply 
Charged Positive and Negative Ions Calculated Using Energy Polynomials 
for the Various Isoelectronic Series fran Z = 2 to Z = 27 


7. 

State 


Negative Ions 


Positive Ions 


Charge 
At. Ko. 

= -3 Charge = -2 

= 2-3 At. wo. = Z-2 

Charge 
At. No. 

= +2 Charge = +3 

= Z+2 At. No. = Z+3 

1 

2 

3 

4 

5 

6 


2 

Ground 

- 

- 

13.090 

16.640 

3 

ft 

- 

2.1581 

18.147 

22.145 

4 

ft 

1.6044 

6.0484 

23.824 

28.268 

5 

it 

5.5365 

10.428 

29.996 

34.884 

6 

if 

10.072 

15.411 

36.768 

42.107 

6 


10.026 

15.366 

36.728 

42.068 

6 

1 s 

9.9593- 

15.301 

36.668 

42.010 

7 

Ground 

15.206 

20.992 

44.135 

49.921 

7 

2 d 

15.141 

20.928 

44.076 

49.863 

7 

2 p 

15.096 

20.884 

44.036 

49.824 

8 

Ground 

20.823 

27.058 

51.996 

58.231 

8 

1 D 

20.781 

27.016 

51.956 

58.191 

8 

*S 

20.717 

26.953 

51.899 

58.135 

9 

Grotnid 

27.046 

33.728 

60.454 

67.135 

10 

it 

33.854 

40.985 

69.509 

76.640 

11 

fi 

40.922 

48.259 

. 77.605 

84.94i 
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1 

2 

3 

4 

5 

6 

12 

Ground 

48.278 

55.819 

85.982 

93.522 

13 

It 

55.784 

63.530 

94.518 

102.26 

14 

ft 

63.609 

71.553 

103.33 

111.27 

14 

1 D 

63.589 

71.534 

103.31 

1H.26 

14 

1 S 

63.552 

71 .499 

103.28 

111.23 

15 

Ground 

71.711 

79.856 

112.43 

120.58 

15 

% 

71.687 

79 .830 

112.40 

120.55 

15 

2 S 

71.656 

79.802 

112.39 

120.53 

16 

Ground 

80.085 

88.423 

121.77 

130.11 

16 

1 D 

80.037 

88.379 

121.75 

130.09 

16 

x s 

80.041 

88.376 

121.72 

130.05 

17 

Ground 

88.637 

97.186 

131.38 

139.93 

18 

if 

97.583 

106.63 

141.28 

150.02 

19 

if 

106.59 

115.55 

151.17 

160.08 

20 

T1 

115.45 

124.46 

161.21 

170.36 

21 

ft 

124.69 

134.06 

171.55 

180.92 

22 

n 

134.19 

143.78 

182.14 

191.73 

23 

t! 

143.89 

153.78 

192.98 

202.79 

24 

n 

154.17 

164.15 

204.07 

214.05 

25 

n 

164.41 

176.60 

215.37 

225.57 

26 

it 

175.02 

185.41 

226.94 

237.32 

27 

« 

183.90 

194.87 

238.74 

249.70 



SUMMARY 



SUMMARY 


U3e of Slater fre e-electron exchange approximation in the 
Hartree— Pock equations reduces the labour and time for solving them to a 
considerable extent. Herman and Skillnan have been able to perform 
extensive calculations of the wave functions for the neutral atoms by 
employing Slater free-electron exchange potential and a ’’tail correction” 
to this for creating the potential at large distances from the nucleus. 
Without such a tail correction the Slater potential goes to zero at large 
distances which is unphysical. The use of this modification improves 
over the conventional free-electron exchange approximation. It lowers 
the energy eigenvalues in general. But the innermost wave functions 
and their eigenvalues are almost insensitive to the replacement of the 
conventional averaged exchange potential by the modified averaged exchange 
potential. The outermost orbitals are only slightly affected whereas the 
corresponding eigerQralues are appreciably improved. The free-electron 
exchange approximation, however, fails to correct for the self-coulomb 
potential at small distances from the nucleus too. Herman and Skillman 
have not attempted to correct the free-electron exchange potential for 
such a behaviour. Further, the wave functions obtained by these workers 
are non-relativistic, single determlnantal (both for open-shell and 
closed-shell systems) and restricted in the sense that their dependence 
has been ignored. 

Keening the above-mentioned facts in mind an attempt has been 
made to test the Hartree-Fock-Slater (HFS) wave functions as regards 
their capability of reproducing those physical properties which require 
the evaluation of expectation values of certain one-electron operators. 



The Physical properties chosen to perform the tests, on the HIS wave 
functions are nuclear diamagnetic shielding (<J ~) , diamagnetic suscepti- 
bility (X) , Fermi-Contact interaction term (a n , the hyperfine splitting 
constant) and Sternheimer quadrupole antishielding factors { V and R) . 

It can easily be understood that this choice of the physical properties 
provides the test both for large and small distances from the nucleus. 

It may be remarked here that very recently there have been 

several developments regarding Slater free-electron exchange approximation, 

the most interesting of which is to reduce the Slater free-electron 

exchange potential by a constant multiplicative factor. The effectiveness 

of such a reduction has been discussed from a comparison of results 

obtained in the present work on X and CT using HFS wave functions with 
* 

those obtained with the reduced potential. 

From the calculations of nuclear magnetic shielding and 
diamagnetic susceptibility values for the rare gas atoms, for which the 
use of the single determinantal form of the HIS wave functions is quite 
justified, it has been found that theX^^ values for these systems are 
as good as the X^p values whereas the values are found to be 

uniformly higher than the corresponding <3^p values. It could therefore 
be concluded that the use of the tail correction really makes the outer- 
region electron density behave properly and that an inclusion of a 
correction in the Slater potential for the inner regions also would make 
the HFS formalism still better. HFS wave functions are actually found to 
give a higher averaged electron potential at the nucleus which In turn is 
responsible for the higher values of nuclear magnetic shielding. From a 
discussion of the results obtained using the available data corresponding 



to the reduced Slater exchange potential it is concluded that such a 
reduced Slater potential can improve the nuclear magnetic shielding 
values; hut it spoils the diamagnetic susceptibility values. It therefore 
turns out that a uniform reduction the Slater exchange potential for 
all the regions is not very helpful. The need for correcting the 
-averaged exchange potential for inner regions as well has been emphasized. 
Use of relativistic HFS wave functions ha 3 been suggested in order to 
improve upon the nuclear magnetic shielding values especially for large-Z 
atoms . 

Since the single-dsnninantal form of the HFS wave function is 
expected to be equally suitable for ions having closed-shell configurations* 
the HFS wave functions for the isoelectronic series He, Li , Be , B ; 

mm 4-4" 44 { ■ r 4 * 44- 4 - 4 4 4* 4 4 

F , He, Na ,.Mg , A1 ; Cl , A, K, Ca , Sc ; Br , Kr, Kb , Sr , 

— Jr ++ +*H* — _ + ++ +-H- _ . 

Yt ; I , Xe, Gs , Ba , La ; At , Rn, Fr , Ra , Ac have also been 

tested by calculating the HFS nuclear magnetic shielding and HFS 

diamagnetic susceptibility values for them. In these calculations we 

have, however, used 441 -point mesh wave functions in contrast to the 

110-point mesh wave functions used in the earlier calculations on rare gas 

atoms. It has been pointed out that for fast varying functions errors 

might result by the use of the 110-point m<.sh. For neutral atoms the 

110-point HFS wave functions are available from the book of Herman and 

Skillman. We obtained the 441-point HFS wave functions by the use of a 

Herman-Skillman type computer program adopted for the IBM 7044 computer 

at our Institute. The trend of the "Xg-ps and CT^jpg values for these 

ions has also been found to be similar to that of X HFS and values 

for the rare gas atoms. Utilizing the available data for in the 

reduced Slater potential scheme for the case of Li + ion we have concluded 



in this case as well that the reduced Slater potential does not improve 
the diamagnetic susceptibility value . In fact it produces I “X - 1 value which 
is even higher than the corresponding values, the latter being 

higher than the corresponding "X-gp valufe . The Chjpg data for the rare 
gas atoms have been fitted to a fourth-order polynomial, * to 

extrapolate the nuclear magnetic shielding values for other neutral atoms. 
It has been found that in each isoelectronic series the nuclear magnetic 
shielding values vary linearly with Z. Nuclear magnetic shielding values 
for all atoms and ions have been expressed by the empirical relation 
CT g-pcj ( 2 + n) = Ogpg(Z) + nQ + (Z), where n is the magnitude of the charge 
on the atom or ion and (5 + (Z) are the polynomials giving the variation of 
shielding -with respect to n at a given Z. In particular it has been 
found that (S + (Z) = (S_(Z) and that (S_(Z) is always slightly higher than 
<S + (Z) for all isoelectronic series. The above-mentioned relation has 
been used to extrapolate nuclear magnetic shielding values for the neutral 
atoms and singly-, doubly- and triply-charged positive and negative ions 
with Z = ? to Z = 100. The extrapolated values have been found to be 
satisfactory. It has also been pointed out that the extrapolated values 
can be improved by performing quantum-mechanical calculations of shielding 
using the HFS wave functions on some more systems so as to provide more 
number of points for improving upon the fitted polynomials for Ogpg ( Z) > 

(5 (Z) and tS + (z). In an attempt to include the directly calculated 
values for doubly- and triply-charged negative ions we tried to 
obtain HFS wave functions for such ions. After our several ■unsuccessful 
attempts to obtain such HFS wave functions we came to the conclusion that 
the convergence problem in the HFS program is quite serious for negative 
ions having charges more than one. It has been pointed out that probably 
this is due to the problem of getting bound states in the HFS model with 



the addition of electrons to a given neutral atom. It may be mentioned 
here, in this connection that even for singly charged negative ions 3 uch 
as F the convergence could be obtained after a relatively large numbed of 
iterations. From a study of the one-electron {(l/r) ^ Integrals it has 
been _ concluded that in an atom the mean distance of an electron from the 
nucleus is not always independent of its angular momentum quantum number. 

Based on the concept of stability of 3GF wave functions under 
one-electron perturbations and the 2-expansion for the total energy from 
the Z-dependent perturbation theory, an alternative method for obtaining 
nuclear magnetic shielding values for isoelectronic series has been 
discussed. Total values for various Isoelectronic series containing two 
to twentyseven electrons, which have been recently made available from the 
work of Clement i, could be satisfactorily fitted by means of a polynomial 
S HF (z) = A r Z + B^Z + 0 , where n represents the number of the electrons. 
These polynomials have in turn been used for obtaining (j^p values 
utilizing the relation, 

,3 dE5_(Z) 

, n , s _ o<_ HF" 

CTgpiz; 3 az 

where o( represents the fine-structure constant. Since total HFS energy 
values axe not avaialble readily we have hot presented similar calculations 
for 0^p2 values. It has, however, been found that the HF nuclear magnetic 
shielding values obtained by the above procedure are almost as good as 
those obtained by direct quantum-mechanical calculations using the wave 
functions. It has also been painted out' that the above procedure seems 
to justify the empirical method which we employed earlier for extrapolating 
the shielding values for various isoelectronic series. 

As a test of the HFS wave functions for open-shell configurations 
having an unpaired s-electron, hyperfine structure constant, a c> 



corresponding to the so called Fenni~C ont act interaction term has been 
calculated for the ground states of LiO-s^s 1 ) , Na(ls 2 2s 2 2p 6 3a 1 ) , 
K(ls 2 2s 2 2p 6 3s 2 3p 6 4s 1 ), Gu(ls 2 2s 2 2p 6 3s 2 3p 6 3d 10 4s 1 ) and Ga + (ls 2 2s 2 2p 6 3s 2 3p 6 
4s ) U3ing these wave functions for the respective s valence electrons of 
these systems. The core-polarization effect which creates nonzero 


contributions to the fine structure constant a Q from the paried s -electrons 

in the s-orbitals of the core, had to be ignored because of the fact that 

the HFS model does not distinguish between ’’up” and "down” spin electron 

wave functions. Thus, the onlyfeontr ibut ion to a which has been considered 

c • 

here is due to the unpaired 3-electron in the valence orbitals of these 
systems. Unrestricted Hartree-Fock (UHF) scheme, however, takes this into 


.account. It has been found that surprisingly enough the HIS s-wave 


functions are able to reproduce the experimental values of the constant 

a better than both HF and UHF wave functions. The agreement between HFS 
c 

results and experiment is concluded to be fortuitous. From the fact that 


HIS values of the constant a Q are regularly higher than the corresponding 
HF values, it has been pointed out that the agreement between HFS values 
and the experimental value is, probably, due to the overemphasis of the 


role of exchange in the HFS formalism. Use of the reduced Slater 
potential or a correction of the Slater potential in the inner regions as 
well has been suggested to avoid such an overemphasis. 


"^Hpg and Ogpg val U9S Have also been calculated for neutral 
atoms having open-shell configurations in three different regions of the 
Periodic Table. A comparison of these results with the results of 
available HF calculations revealed that the single-determinantal HIS 
wave functions are capable of reproducing good values of these constants 
even for open-shell configurations. This is encouraging in view of the 



fact that for open-shell configurations a linear combination of 
determinants! wave functions is more appropriate than the single 
determinants! form. However, from these calculations it has again 
been observed that the HFS formalism consistently leads to an increased 
value for the potential produced by the electrons of the atomic system 
at the site of the nucleus in comparison to the HF wave functions. This 
results in Ggpg values which are regularly higher than corresponding 
(jT^p values. 


Finally, HFS wave functions have also been used to calculate 

the Sternheimer anti3hielding factors, Y for Na + , Cl ”, Al* , Pr +++ , 

Tm 444 , Ce 444 , Z 444 , In 144 , Bi 444 in, 44 and R for Fr 4 * 4 ,. Q, 444 and Ce 

utilizing the ’’perturbation-numerical” approach of Sternheimer. Because 

o 4> certain limitations of the method of solution the calculated YL values 

oo 

are more, reliable than the calculated R values. These limitations have - 
been described and it is pointed out that work on the modification of the 
existing computer program in an effort to remove such limitations is in 
progress. The detailed results of the present computations have been 
given in various tables and typical plots of perturbed and unperturbed 
wave functions have also been presented. It has been found that the HFS 
wave functions are capable of yielding almost as good estimates of ^ 
values for positive ions as those obtained by the use of HF wave functions, 
utilizing the perturbation-numerical approach. Fronyletailed comparison 
of the present results on- 'Z -with those obtained by others using H or 
HF wave functions it turns out that the modified form of the free -electron 
exchange approximation used by Herman and Skillman is only slightly less 
effective than the actual exchange term of the Hartree-Fock equations in 
contracting the outer orbitals of the atomic systems. It is pointed out 



that a further modification of the Herman-Skillman type Slater free- 
electron exchange potential at the regions near the nucleus might 
improve the HFS wave functions. 

Taking into account the results of the present HFS 
investigations on the diamagnetic susceptibility, nuclear magnetic 
shielding, Fermi-Gontact interaction and Sternheimer antishielding 
factor of atoms and ions as a whole, it is seen that Slater's 
approach for the exchange potential offers considerable promise 
especially with the Herman-Skillman modification for the outer regions 
A suitable modification of the exchange potential is necessary for 
the inner regions as well and when this is derm there are good 
reasons to believe that the results of HFS calculations of several 
atomic properties will compare very well with those of HF calculations 
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PART B 


SATURATION IN MULTILEVEL MULT I RESONANCE 
ZEEMAN SYSTEMS : A THEORETICAL STUDY 



CHAPTER I 
INTPODUCHO 



CHAPTER I 


INTRODUCTION 

The distribution of spins in the various Zeeman levels of a 
system comprising of magnetic nuclei and electrons in the presence of 
electromagnetic fields which cause transitions between some pairs of 
levels will be investigated in this part of the thesis. 

1.1 ' MULTILEVEL NATURE OF THE ZEEMAN SYSTEMS 

When a system containing magnetic nuclei and unpaired 
electrons is placed in a magnetic field the interactions between the 
nuclei and the magnetic field as well as between the electrons and the 
magnetic field give rise to a set of energy levels * which depend on 
the strength of the magnetic field, the magnetic moments of the 
electrons and the nuclei and the magnetic quantum numbers of the particles 
In addition to this there -jcould be interactions between the nuclei and 

ir ■; . : ■ ■ ' ' 

'* • *• . . ■ ■ ■ ■ g_g 

the electrons iriiich give rise to well-known hyperfine splittings . 



For example, the general Hamiltonian for an ion having n electrons 

. ^ 

(when k-th electron has spin 1^. and orbital angular momentum 1^. L 
and S refer to the total orbital and spin angular momentum vectors of 
the electrons) interacting with a nucleus (having spin I) and an external 


magnetic field H can be written as 


3a 


k=l 


2m 


Ze 


n 


+ 22 (ion-relativistic 

j>k=l r jk Hamiltonian) 


+ V (electrostatic energy in the field of other 
lattice charges) 

t/i-Lg (spin-orbit interaction) 

+}-f ss (Magnetic interaction between electron spins) 

+/}?.(?+ i) (interaction of electrons with external magnetic f ield H) 


\ In absence of 
/ nuclear inter- 
actions other 
than through a 
central electronic 
charge 


J 


+ 2 


Vo A ^ 3(r k .sp (^.1) 8rt 

Yw a* r-7 — ? — ■ 

(interaction of nuclear moment with electrons) 




I _sfa , f- J xd+1) 

k 1 r k s r k 5 


(interaction between nuclear quadrupole moment and electric 
field gradient due to the electrons) 

-Y/^h.? (i.i) 

(interaction of nuclear spin with external magnetic field) 


The eigenvalues of the above Hamiltonian give rise to a 


multilevel Zeeman system. In more complex systems similar multilevel 
Zeeman systems result. 



1*2 STUDY OF MULTILEVEL SYSTEMS 


In an experimental investigation of the energy levels of such 
Zeeman systems as discussed above one usually subjects the assembly of 
nuclei and electrons to a perturbation by electromagnetic fields in order 
to see whether there is any interaction between the field and the system 
at characteristic frequencies (resonances). The frequencies of such 
resonances depend on the nature of the interactions and generally ranges 
from radio frequency to optical frequencies. In the absence of the 
perturbation the various levels are populated in the well-known Boltzmann 
distribution fashion , . This distribution is found to be essentially 
unaffected even in the presenc of weak perturbations. A3 the strength of 
the resonant electromagnetic field and hence the strength of the 
perturbation is increased the populations in the various levels are no 
longer of the Boltzmann type. To focus our attention let -us consider a 
two-level Zeeman system of an odd electron or a nucleus with spin 
I = ■§• in a magnetic field x,/ with energies B^ and Eg (Eg^> E^) . When 
the electromagnetic field has the frequency V = (Eg-E^)/h and has the 
appropriate polarization it can induce transitions between these levels. 
In the absence of this transition-inducing electromagnetic field, the 
population 1L in these two levels is given by the Boltzmann relationship. 


N. 


KM) 

A e 


( 1 . 2 ) 


i 

k is the Boltz mann constant and T is the absolute temperature. A is 
a proportio nal ity factor. Obviously, the population in the lower energy 
level E 1 is higher. Since the probability of induced absorption is 
equal to the probability of induced emission (P 12 = P gl , where P refers to 



tne probability of transition due to the applied electromagnetic field* 

pump) the rate of absorption is Initially greater than the rate of 

emission because of initial excess of population in the lower energy 

level. It may be noted here that there also exists a process of 

spontaneous emission by .which a transition can occur from the upper 

level to the lower level. The probability of spontaneous emission 

depends on the frequency of the electromagnetic field which is applied 

as the perturbation and It is very small at radio frequencies. The 

original excess of population in the lower energy level steadily 

decreases until a stage comes when the populations in both the levels 

are equal. This phenomenon of equalisation of papulation between two 

levels by a pump Is called "saturation". Thus if one is observing the 

absorption, one may find that this is strong when the electromagnetic 

field is first applied and that it gradually disappears. More generally, 

however, the absorption settles down to some finite value and It is 

possible to observe continuous absorption or emission in the presence of 

the perturbing field. This is because of the fact that apart from the 

processes of induced emission and absorption there exist various 

possibilities of radiationless transitions which oppose the equalisation 

processes and these are familiarily known as "relaxation" processes. 

A steady-state is usually reached such that the original Boltzmann 

excess of population in the lower state Is altered and continuous 

absorption or emission may still be observed. If one still wishes to 

utilize the Bolt zmann equation to describe the steady-state population 

1 ' 8 

one can do so by using the so-called "spin temperature" concept * . 
Indeed, when the populations in the two levels are equal, the spin 



temperature is infinity. The relaxation processes play a very important 

role in governing the population distribution among the various levels . 

Inf act the very establishment of the Boltzmann distribution in the 

absence of the electronmagnetic field perturbation is due to these 

relaxations * * . The relaxations in Zeeman systems can be generally 

15 ° 10 

classified as of two types - ’ ’ ’ . These are the spin-lattice and 

spin-spin relaxations. If one is interested in the study of the 
dissipation of energy from the spin system, which itself is absorbing 
energy from the electromagnetic perturbation field, one has to consider 
the spin-lattice relaxation, since this provides a "leak" from the spin 
system to the surrounding (lattice) by means of non-radiative transitions 
These transitions arise because of the fluctuations in the surrounding 
which give rise to perturbation fields having a distribution of 
frequencies . A component of this field could have the characteristic 
frequency and thus induce transitions of the spins. We could therefore 
describe these transitions as lattice-induced transitions. In a 
two-level system It can easily he shown that the probabilities of such 
transitions or relaxations (R) have the form 


**12 ** **21 


exp 




( 1 . 3 ) 


In general for two pairs of levels m and 1 we have 


R 


ml 


hm 


exp |-(E 1 -S ffi )/kTj 


( 1 . 4 ) 


When the number of levels increases there is a possibility 
of having reso nan ces at different frequencies (multiple-resonances). 
The number of paths that connect a higher energy level 



to a lower energy level also increases because now there exists also the 
possibility of having "cross-relaxations n ~ which represent the relaxation 
of a particular level to another through one or more number of intermediate 
levels. A cross-relaxation consists of sore than one relaxation of the 
type R^. 

1 • 3 STEADY-STATB POPULATION DISTRIBUTION IT A MULTILB VBL-MULTIRSSONAyCE 
ZEEMAN SYSTEM AND THE RATE EQUATIONS 

The study of the steady-state population distribution in 

multilevel-multiresonance Zeeman systems and in particular the study of 

the saturation behaviour of these systems can lead to an understanding 

of the various relaxations and hence of the various interactions in the 
1?-15 

Zeeman ~ system. The approach employed in the solution of this can be 

successfully used also in the study of other related problems such as: 

16 17 

conditions for population inversion in lasers and masers ’ , Overhauser 

IP IQ 

effect s Jeffries-Abragam effect* etc. 

We shall now consider a p-level Zeeman system containing 

several lattice-induced relaxation 1 s and several radiation-induced 

transitions or pumps P 1 s. We shall investigate the system when 

rs 

steady-state conditions are established in the presence of pumps with 
frequencies in the radio-frequency region and relaxations. Experimentally 
this situation is realizable under slow-passage conditions of magnetic 
resonance spectroscopy . Saturation phenomena are thus amenable to 
experimental study in magnetic resonance and here one investigates 
essentially the population distribution of the spins amongst the various 
levels in the presence of usually strong radiation field (or fields) 
which induce transition (or transitions) between the given pair (or pairs) 



of lovelo. 


$3 define the normalised populations (Q^'s) of the spins in the 
various levels (i 1 s ) as 


Qi = f (i = 1,2,..,/}) 

Is bhe number of spins in the i-th level and ¥ represents the total 
number of spins so that the conservation relation would be 



We shall make the basic assumption that the steady-state 

population of spins in the various levels is determined by the familiar 
12—14 19 

"rate equations" ’ . This assumption can be justified by a 

consideration of the Boltzmann equation for the density matrix of the 

system, provided the off-diagonal'' elements of the density matrix are set 
2 , 0—25 

equal to zero . Thus in 'the /} -level* system considered, 'the rate 
equations are, 


= § (1 - 7) 

(m = 1,2,.., A) 

The prime in the summation denotes that 1=511 is to be omitted. ^ is the 

total transition probability for a spin in the level 1 going to level m 

while W is the total transition probability for the reverse process. In 
ml 

the presence of a pump P rs between the levels r and s one may write 

*3* = hn + P rs <Srs,lm (1 ' 8) 



where 


6 


rs.lm 


= 0 f or 


= 1 for 


In f- rs 
or 

.ml f rs, 

1m = rs - * 
or 

ml = rs 


> 


J 


(1.9) 


Since in the absence of the oumps the spins attain a Boltzmann 

distribution, one can note that lattice-induced transition probabilities 

and R ^ are related via the equation (1.4) . Due to the principle of 

12 

microscopic reversibility we have 


P = P 
rs sr 


( 1 . 10 ) 


This essentially represents the fact that the r.f. oseilator 
corresponding to the pump P is at infinite temperature so that 
spontaneous emission could be neglected. The situation will be different 
of course when optical frequencies are employed, as for example, in 
lasers. ¥e shall, however, restrict ourselves to r.f. fields for 
simplicity. The inclusion of spontaneous emission processes in the 
present treatment does not offer any difficulty. 

In magnetic resonance, a useful experimental quantity in 

relaxation studies employing the saturation procedure is the saturation 

factor, Z , defined as, 
rs 


Q^P's) - Q s (P's) 

0^0) - Q s (0) 


( 1 . 11 ) 


where Q(P f s) and Q(0) refer to the normalised steady-state population of 
levels with and without the pumps. For a completely saturated pair of 



levels r and s, = 0 while it is equal to unity in the absence of any 
saturation, since Z^ g is related to the level populations in the above 
manner it is clear that a study of Z can yield information on relaxations. 
This, however, requires a detailed theoretical analysis of Z in terms of 

3HB 

various relaxations and pumps. In fact, the present work will be concerned 
with this aspect of the problem. 

The factor 3 for a nair of levels r and s would be constant 

rs 

only under steady-state conditions which is represented by 


dO 

~ = 0 (m = 1,2 (1.12) 

With this condition, the rate equations (l.7) reduce to the set of 
equations 

A > 

5 (9 l W lm - SuV = 0 f 1 - 13 * 

(m=l, 2,..,fb) 

For evaluating Z ^ one needs to know Q.'s which are solutions 
rs i 

of the set of equations (l.lS) subject to the normalisation coalition 
(eqn. 1.6). 

1.4 VARIOUS APPROACHES TO THE SOLUTION OF RATE EQUATIONS 

12-14 ^9 

For the solution of the rate equations different authors ? ~ 

have used various approaches and approximations. One of the approximations 

employed is that relating to relaxations. In the so-called infinite- 

15 14 

temperature approximation 9 ~ , one sets all * Seme workers use 

the high temperature approximation whereby the exponential term of 

“*X 

equation (l.4) is linearized in the sense e ~ 1-x. 



12 

Lloyd and Pake originally discussed the problem of the 
solution of rate equations in saturation phenomena. These authors were 
studying the spin relaxations in a six-level Zeeman system arising from 
the interaction of a nitrogen nucleus (N^, 1=1 ) with an odd electron. The 
sample was an aqueous solution of ths free- radical, peroxylamine disUlphonate 
ion OKf(SOg)g . The electron spin resonance (e.s.r.) spectrum of this 
free radical exhibits a triplet hyperfine pattern due to the nitrogen and 
Lloyd and Pake studied the transition F=3/2, m = -3/2 — > F=3/2, mp= -l/2 
at 60 Mc/Sec. These authors handled the set of rate equations by forming 
the appropriate determinant and expanding this in terms of relevant cofactors 
to obtain the solution forZh^ . Prom this analysis Lloyd and Pake 

were able to interpret their experimental saturation data and discuss the 
possible dominant relaxation mechanisms in this free radical. The six-level 
system treated by them had only one pump and the problem did not involve 
degenerate levels. Their procedure is not* easily extended to the case of 
systems containing many levels and multiple resonances. 

An alternative approach can be had by following the suggestion of 

21 

Bloch . In the infinite-temperature approximation Bloch has shown that the 
rate equations for the multilevel problem are analogous to Kirchoff ' s 
equations for an electrical network. Thus, the solutions to the rate 
equations in the infinite temperature case can be obtained by employing an 
electrical analogous . The accuracy of such a procedure is, however, not 
high. 

13 14 

The procedure of Stephen and Fraehkel and Stephen also 
concerns mainly with the infinite-temperature case. This involves the 
setting up of a transition probability matrix A, whose elements are 



given by 


and 


^11 : 'lm 

m=i 


A Un = - 


■W. 


> 


In 


(1.14) 


where , is defined as in equation (l.8) . The rate equations in the 
steady-state (eqn. 1.3) can then be cast into the matrix form 


A.g = 0 


(1.15) 


where, £ is a column matrix of Q i 's. The infinite-temperature approximation 
used implies all R-^ = R , . These authors obtained the solution of the 
rate equations (l.l5) in terms of the cofactors of the matrix A. Thus, 
they obtained the solutions as 


Q i = 3 ~ 1 (i.ie) 



where is the i-th diagonal cofactor of the matrix A. In order to 
obtain these cofactors these authors suggested the "method of diagrams". 

For this pupose, energy levels are digrammatically represented by "vertices" 
and relaxation probabilities (R's) by "lines" joining appropriate "vertices". 
A minimum set of such diagrams called the "basic diagrams" can be chosen 
on the basis of "rules" outlined by these authors. Each ’basic diagram* 
represents a product of certain set of (p>-l) relaxation probabilities. 

Each cofactor is then obtained by summing over appropriate 'diagrams* 
obtained from these 'basic diagrams*. In the infinite-temperature 
approximation, relaxations between pairs of levels (’vertices*) can be 



represented by ! lines * but in the finite- and highr-temperature cases one 
should distinguish between "up" and "down" relaxations aid hence "arrows 11 
should be used in place of 'lines 1 to represent the relaxations. The 
procedure becomes complicated also when the number of levels is large. 

Stephen and Fraenkel were able to show the relationship 

between the saturation factors and the quantities termed saturation 

parameters which involve the relaxation probabilities R's. In the 

infinite temperature case in a multilevel system with multiple resonances 

they could express the saturation factor Z in terms of the saturation 

rs 

parameters Xl’s and X's. Degeneracies in the levels could also be taken 
into account. Thus it was shown that 





where , P r £ , are the various applied r.f ^ fields. 
X 's here involve certain types of products of relaxations 


(1.17) 

-fl *s and 
(R's) and 


hence have correspondence to the 'diagrams' mentioned above. An explicit 


expression as that in eqn. 1.17 for Z was not given by these authors in 

rs 

the finite-temperature case. However, using the infinite temperature 
approximation in their method, these authors evaluated the saturation 
parameters fl 's in systems having upto ten levels arising out of the 
interaction between magnetic nuclei and an odd electron. For this purpose 
they assumed certain forms of the relaxation probabilities (R's) and 
evaluated various cofactors as polynomials in the parameters appearing in 


the relaxation probabilities. An explanation for the dependence of the 



saturation parameter on the nuclear magnetic quantum number 

observed experimentally for the hyperfins lines in some e.s.r. spectra^ 
could be also given. The "vertical" transitions in e.s.r. follow the 
selection mile = + 1 , Zhm-j. = 0 and hence different hyper fine lines 

correspond to different m^ values. The saturation behaviour of the 
individual lyperfine lines could be experimentally investigated in 
favourable cases where there is no overlap of these lines. 

The "method of partial distribution" was originally given by 
25 

Keating, Follis and Barker for solving the rate equations for the 

normalised population distribution in a multilevel Zeeman system. Barker 

and Keating‘S and Narehal and Barker^ applied this method to three-level 

19 

and four-level systems respectively. Keating and Barker have further 

simplified the procedure and outlined a method -which they call 

"the inspection method" for the purpose of solving the rate equations. 

Keating and Barker applied it to a four-level system in which they took 

the linear approximation for R's. They also applied it to a three-level 

system without the linear approximation. In general, their method is not 

limited by ary approximations as regards and R^ . The method involves 

the forming of product combinations of relaxation probabilities R^'s 

(l > m) and/or P (r < s) taking a total of (,0>-l) of them in one 
x*s 

19 

combination. The "inspection rules 8 are than employed to select only 
those combinations which fulfill the criterion therein.' The mathematical 

justification of the 'inspection method 1 and the 'inspection rules' have 

oa 0*7 2S 

been given * . This proof uses the theory of linear graphs and the 

pQ ^ 19 ■ 

matrices associated with such graphs. Although Keating and Barker 

m 

also outlined the utility of their method in obtaining normalised 



steady-state population distribution in a multilevel multiresonance 
Zeeman system, they have not investigated in detail the saturation 
behaviour and its relation to various relaxation processes in the manner 
of Stephen and Fraenkel 15 * 14 . 

23 

Recently Freed has treated the saturation problem by means of 
density matrix theory, retaining the off-diagonal elements of the density 
matrix. The density matrix approach of Freed is superior to the rate 
equation approach for the study of the saturation parameters since no 
assumption regarding off-diagonal elements in the density matrix need be 
made. The generalized application of Freed's theory to saturation is, 
however, very complex. The approach employed by us in this part of the 
thesis for the theoretical study of the saturation in multilevel- 
multiresonance Zeeman systems is the rate equation approach. Two reasons 
may he given here for presenting our work based on the rate equation 
approach. The first one is the inherent simplicity of the rate equation 
approach. The second one is that most of the work reported here was 
completed prior to the publication of Freed's work. 

1.5 PRESENT WORK 

Although the rate equation approaches of Stephen and Fraenkel 4 ^ *^ 4 

19 

and Keating and Barker are apparently dissimilar, the equivalence of 
these two approaches can be demonstrated. This is dealt with in 
Chapter II. Since the 'inspection method' for solving thefrate equations 
does not invoke the infinite-temperature approximation, this method can 
provide a general finite-temperature expression for the saturation factor 

Z in terms of the saturation parameters XI 1 s and X 1 s . Such an 

rs 

expression has been obtained here and the details are given in Chapter II 



where our -present expression is compared to that of Stephen and Fraenkel, 

who however gave the expression for Z rg in the infinite-temperature case 

only* It may be pointed out here that general expressions for saturation 

parameters such as obtained here have not been derived earlier elsewhere. 

Expressions given by Stephen and Fraehkel J ' v ' , ^ % for the saturation 

parameters at infinite temperature case are shown to be a particular case 

of our general expressions. To illustrate the use of our expressions for 

Jl's and ^C’s calculations of these quantities in a typical four-level 

system have been made and details presented in Chapter II. The expression 

obtained for the saturation parameter Jl^ has been also employed to 

investigate the m^ dependence of the saturation of the hyperfine lines in 

the'e.s.r. spectrum of a multilevel system composed of an odd electron 

interacting with magnetic nuclei. The results thus obtained are compared 
24 

with experiments and also with the earlier results of Stephen and 

_ , .,13,14 

Fraenkel . 

The analysis of the saturation factor and saturation 

19 

parameters jTL ' s and A. 's using the method of Keating and Barker given 
in Chapter II is well-suited for calculations with a high-speed digital 
computer. If numerical values of the various relaxations are available 
one can calculate the saturation parameters in a multilevel-multiresonance 
system using this analysis. A combination of the available experimental 
data and the relaxation data can be used along with the above approach 
to gain further insight into the system. In some cases although 
numerical values of the relaxations may not be available, their general 
forms may be obtained on theoretical grounds. To make the computer 
analysis possible in such cases also the analysis of the saturation factor 



and saturation parameters _fL ! s and 'X.'s is further extended to take into 
account tho forms of the various lattice-induced relaxations . This is 
dealt with in Chapter III. It is hoped that this extension will further 
help the study of the relaxation mechanisms in general. The method 
described here has been adopted for machine computations of the various 
saturation parameters in multilevel-mult ire sonance Zeeman systems. The 
salient features of the IBM 7044 computer FORTRAN program written for 
this purpose are discussed and as examples some results of calculations 
on a six-level and a ten-level system are presented in Chapter III. 

The IBM 7044 computer FORTRAN program is presented in 
an Appendix. 


The s ummar y of this part of the thesis appears at its end 
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CHAPTER II 


SATURATION PARAMETERS IN MULTILEVEL 
MUITIRE30NANCE ZEEMAN SYSTMES 


II.l INTRODUCTION 

The rate equation approach employed by Keating and Barker In 
formulating their 'inspection method' 1 for determining steady-state 
population distribution in multilevel-multiresonance system gives the 
finite-temperature distribution of spins in the various levels. It has 
so far not been employed for the study of saturation parameters in such 
systems. On the other hand Stephen and Fraenkel * have given the rate 
rate equation approach using 'the method of diagrams' particularly for the 
study of saturation effects in such multilevel-multiresonance systems. 
These authors, however, considered the infinite -temperature case only in 

the 

detail. We shall deal in this Chapter with problem of saturation in both 

n 

finite and infinite temperature cases utilizing an extension of the 
inspection method, the details of which are given in section 2. 



The 1 inspection method 1 and the 'diagram method’ are apparently 
different but if one analyzes in detail the structures of these methods 
it is found that they are actually equivalent. In section 5 this 
equivalence will be demonstrated. 

Utilizing the finite temperature solution of the rate equations 

obtained by the ' inspection method ' it Is possible to present a general 

finite-temperature expression for the saturation factor Z and consequently 

obtain general finite-temperature expressions for the various saturation 

parameters _fl l s and X ! s. This is done in section 4. Finite-temperature 

expressions for the saturation parameters obtained here are also capable 

3 

of reproducing the infinite-temperature expressions obtained by Stephen 
by properly taking the limits of the former ones. This is demonstrated 
in section 4. 

In section 5, we will be presenting an example of certain 
typical calculations of finite temperature saturation parameters in a 
simple four-level electron-nuclear coupled system, which will demonstrate 
the use of the finite temperature expressions for the saturation 
parameters obtained in section 4. 

A theoretical explanation for the dependence of the saturation 

of hyper fine lines on the nuclear magnetic quantum number observed in 

electron spin resonance (e.s.r.) spectra of dilute solutions of free 

radicals can be obtained by analytically studying the dependence of the 

saturation parameter iT for the e.s.r. transitions between the pairs 

pq 

of levels *p and q'. This, however requires the forms of the various 

2 3 

relaxations. Following Stephen and Fraenkel * these relaxations can be 
obtained assuming that the relaxation mechanisms (i) anisotropic 



intramolecular dipole-dipole interaction and (ii) a cross term between 
this and g~factor anisotropy are the only mechanisms responsible for 
producing the differences in the behaviour of the various e.s.r. lines 
as regards saturation. Expression for the hl. dependence of _Q_. (m T ) 

1 - pq I 

4 

thus obtained in section 6 is compared with experiments and also with the 

3 * 

earlier work of Stephen . 

II. 2 OUTLINES OF THE "INSPECTION METHOD" OF KEATING AND BARKER FOE 
EVALUATING THE NOHMALSED STEADY-STATE POPULATION DISTRIBUTION 
IN A MULT ILSVEL-MULTIR2S0NANGE Z35M&N SYSTS4 

In the ’inspection method' of Keating and Barker for solving 
the set of rate equations for a /3~le'vcl system containing several 
relaxations (conventionally represented by R-^/s with 1 > m) and pumps 
(conventionally represented by P with r <s) one first considers all 
possible combinations of R-^ 's and/or ! s taking (fb -l) of them at a time. 
Then one neglects those combinations which do not fulfill the phenomenology 
of the rate equations and the normalisation condition. Accordingly, these 
authors have given the following rules to select the appropriate 
combinations. 

Rules of the Inspection Method 

(i) Discard all those combinations in which all the fb levels 
do not appear as subscripts of R’s and/or P's. 

(ii) Discard all those combinations in which any two levels 
are connected both by a R and a P. 

The selected combinations are called allowed ‘combinations' 
or 'terms' and are denoted by X's in general. A particular c~th 
combination shall be denoted by X q . 



form 


The solutions of the rate equations can be obtained in the 



n 


S V M (r) X 
& <= <= 


n 

Vdx 

±=t c c 


(r=l,2,..,/s) 


( 2 . 1 ) 


where n - total number of the allowed combinations, N = total number 

of spins distributed in the various levels and and D are the 

c c 

coefficients of the various 'terms’ in the numerator and denominator 

respectively and these need be evaluated. In order to determine the 

'term coefficients' (r=l for the c-th allowed combination 

X c one has to first find the 'intermediate level or levels ' in the 

combination X . An ’intermediate level’ in a combination is a level 
c 

which is coupled, by a relaxation S to a higher level, which in turn is 
coupled to the lowest level. In such a case the term coefficient for the 
first (lowest) level will be given by 


M (l) = e-^ E 
c 


( 2 . 2 ) 


where ZhE is the energy difference between the 'intermediate level' and 
the higher level through which it is coupled to the first level. There 
may be however, allowed combinations. containing more than one 'intermediate 
levels’. Thus for a combination having S intermediate levels we have 


where ZhwE. 



refers to the 



(g.S) 


ZiE value for the i-th intermediate level. 



There say also be allowed combinations having no Intermediate level 1 and 
for these = 1, How the other tern coefficients (r=2,3, . . , A) for 

the combination X q can -be written easily, since a R^ implies a Boltzmann 
relation between the populations of the levels 1 and m whereas P implies 
an equalisation of the populations of the levels r and s. The 'term 
coefficient 1 D q appearing in the denominator is defined as 



( 2 . 4 ) 


Since the population distribution can be obtained here by 
inspection of the energy-level diagram of the system the name 'inspection 
method' was given by the authors. 

As regards the- proof of this method, it has been given by 

5 • 6 

Hobbs and this proof is based on the theory of linear graphs and 

7 8 

related matrices and determinants . Bedrosian has also given some details 

* 

about the application of linear graph theory to analysis of multilevel 
sys terns* It turrsout that there is a one-to-one correspondence between 
the allowed combinations X ' s and the "Trees" of the linear graph theory 

O 

considered as a topological problem. In particular, the rules for 

selecting the allowed combinations of {fS- l) relaxations are related to 

. ,5 

the fact that the corresponding 'Tree* has to be an ! R-tree' . 

We have for a fi> -level system a maximum of & R (max.) relaxations 
(R^'s 1> m) in all. This number is given by 

A i 

g i ( m - ) = 2TT/S-27T <s * 5) 

The maximum possible number G p {max.) of pumps ( p rs 's r<s) 



will also be equal to Gp(max*) so that G(nax.) the total mximm number 
oi relaxations and pimps will be given bjr 


G(max.) = G R (max.) + G p (max.) 

= fHfh-1) 


( 2 . 6 ) 


Hence the total maximum number T{max.) of combinations to be 
considered will be given by 


T(max.) = 


(A<A- D) 


(£-1)! {/3(£- l)-(/3-l)) 


(2.7) 


8 

It has been shown by Bedrosian that out of T(max.) number 
of possible combinations only I* (max. ) will be "allowed" where 


T# (max. ) = (2) ( ^“ 1} (2.8) 

The number T R (max.) of the allowed combinations formed only out 
of all possible relaxations (G_(max.) in number) can also be obtained 

it 

8 

utilizing the results of Bedrosian , It is given by 

T R (max.) = (P>)^ (2.9) 

For cases in which all possible relaxations anc|pumps are not 
present the values of G R and G p will be less than Gp(max.) and G p (max.) 
respectively. Consequently the values of T, 1* and T* will also be less 
than the corresponding T(max.), T*(max.) and T*(max.) values. 

II. 3 BQHIVALENCS OF THE "INSPECTION METHOD" TO THE "DIAGRAM METHOD" 

OF STEPHEN £SD FRAENKBL 

As has been pointed out earlier in Chapter I, Stephen and 



Fraenkel ’ have mainly treated the inf ini t e -temperature ease setting all 
^ i-m ” \ii ‘ 'diagram method 1 they draw diagrams using 'vertices' 

(which correspond to the levels) and 'lines' ’(which correspond to 
relaxations R^ = R^ ) utilizing the following rules. 

Rules of the Diagram Method 

(i) Each diagram must contain all the fb vertices and (/3-l) 
lines . 

(ii) There must be at least one line attached to each vertex. 

(iii) In each diagram one must be able to go from any one vertex 
to the rest of the vertices through the lines present in it. 

(iv) Diagrams must have no closed sections. 

One can note here that rule (iii) is a consequence of rule (ii) 
and that rule (iv) is a consequence of rules (i) and (iii). 

These rules can easily be seen to be equivalent to the rules of 

the 'inspection method’ given earlier provided one recognises the fact 

that the vertices and lines of the 'diagram method' correspond respectively 

to the levels and relaxations of the 'inspection method 1 . In general* a 

'combination' or 'term' of the 'inspection method' corresponds to a 

'diagram' . Stephen and Fraenkel actually consider the diagrams made out 

of R^'s ( =a m 3 _' s ) only* They call such diagrams as 'basic diagrams'. 

They further describe several other types of diagrams which one can obtain 

from the 'basic diagrams'. These are then used by these authors to define 

1 

various saturation parameters. On the other hand, Keating and Barker 
discuss all types of combinations simultaneously and do not distinguish 
between them. This is because these workers were mainly interested in the 



solution of the rate equations. In fact, in the present extension of 
nhe 'inspection method' to derive general finite-temperature expressions 
for the various saturation parameters we have considered the various 
types of combinations separately. Truly speaking the "combinations of the 

<Z 

relaxations only" correspond to the "basic diagrams". Stephen has shown 
that for a -level system if all the relaxations are present, the total 
number of 'basic diagrams' is (/3) . This is same as the number of 

allowed combinations of R's only (see eqn. 2.9). As an example, let us 
take a four-level system. For this system fS =4 and using equations 
(2.5) - (2.9) we get, 




Gp(max.) = 6 
Gp(max.) = 6 
G(max.) = 12 
T(max.) = 220 
T*(max.) = 128 
T* (max.) = i'6 

it 




( 2 . 10 ) 


J 

Table II. 1 shows the one-to-one correspondence between all the 
16 "basic diagrams" and the 16 "allowed combinations of R's only" in the 
case of the four-level system quoted above. Fig. II. 1 shows the energy- 
level diagram for this system and in this all the 6 relaxations have been 
assumed to be present. The reasons for the number of 'basic diagrams' 
being equal to the number of 'allowed combinations of relaxations' 
are: (i) Keating and Barker represent conventionally the relaxations as 
R^'s with 1> m and (ii) Stephen and Fraenkel set all R^ = R^. It 
should be made clear here that Stephen and Fraenkel set all R^ = R ffil to 




Fig. II. 1 

A Four-Level System 


take the infinite -temperature approximation whereas the convention that 


l)a in all R.^ 1 s has nothing to do with the infinite-temperature 
approximation. While finding out the normalised steady-state populations 
using eqn. (2.1) 's • (m <l) are actually taken into account through the 
various term coefficients appearing therein. In the Keating-Barker 
approach if one considers the infinite -temperature case, R-^ = » The 

relaxations now become equivalent to pumps and each 'allowed combination' 

(t) 

of these will have all of its term coefficients (M‘ , r=l,2,«.,/3) 

to unity. 

5 

It must, however, be pointed out that Stephen himself has 
mentioned the possibility of applying the method of diagrams to cases 
where the Infinite-temperature approximation is not employed. In such 
’situations one has to replace the 'lines' in each basic diagram by 
'arrows', since the directions of lines should also be now taken into 
account. Hence, as is clear in Fig. 11*2 each line (representing 



arrows (representing or which are not equal to one another in the 


finite-temperature case) • If this fact is taken into account for each of 


the ’lines' appearing in a 'infinite— temperature basic diagram' it is 
clear that it will give rise to more number of basic diagrams. Thus the 
number of basic diagrams in the finite-temperature case will be much more 
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than that in the infinite-temperature case. This complicates the 
situation. However, in the Keat ing-Barker approach one treats the finite 
temperature case using the same number of allowed combinations of 
relaxations as the number of basic diagrams in the Stephen^Fraenkel 
infinite-temperature approximation. This superiority of the Keating- 
Barker approach over that of Stephen-Fraehkel approach is a very important 
point as regards the calculations in the finite-temperature case especially 
in systems having large number of levels. 


II. 4 APPLICATION OF THE 'INSPECTION METHOD' OF KEATING AID BARKER 
FOR THE EVALUATION OF THE SATURATION PARAMETERS 


Let us assume that the fb -level system contains 't 1 pumps 

.. , P 


between the ! t ! pairs of levels pt. q„ , 

P K.% + K 1 

t t 


P , P , 

\\ \\ 

.. , Pg. q K and certain number of relaxations. The total maximum 
t z 


P K q K * 
2 2 



Table II. 1 


Equivalence between "Basic Diagrams" and "Allowed Combinations of 
Relaxations only" in the Four-Level System. 


Basic Diagram in the 
3. No. Stephen-Fraenkel 

Approach 


1 



2 


3 



4 


'S 



5 


6 



7 



8 


9 



Corresponding Allowed 
Combination of Keating 
and Barker 

R 2i a 31 R 41 

R 21 R 31 R 42 

R 21 R 31 R 43 

R 2l R 32 R 41 

■p D p 

2132- “42 

R 21 R 32 R 43 

R 21 R 41 R 43 

R 21 R 42 R 43 

R 31 R 32 R 41 



Table II, I (Continued) 



R 31 R 32 R 4S 

R S1 R 41 R 42 

R 3l R 42 a 43 

R 32 R 41 R 42 

R 32 R 41' l 43 

R 41 R 42 R 43 


T 


number of relaxations is G^(max.) (see eqn. 2.5} but in practice the 
actual number of relaxations is less than this number* because some of 
the transitions may not be allowed. For the sake of simplifying the 
notations we shall henceforth refer to the pumps as P(l) , P(2) P(t) 
where the subscripts 1,2, .... , t in the parantheses represent the *t * 
pairs of levels. Similarly the relaxations shall he represented by R(i)‘s, 
each 'i' refering to a pair of levels. 

The saturation factor Z between the levels 'r ’ and *s r is 

rs 

given by* 


Z = 
rs 


Q r |p(l),P(2),....,P(t)j> - Q s (p(l),P(2),...,P(t)| 


0^0) - Q g (0) 


( 2 . 11 ) 


where Q(P(1) ,P(2) , P(t) ) and Q(0) refer to the normalised steady- 

state population of the levels with and without the pumps respectively. 
Q(0)'s thus represent the usual Boltzmann distribution and in using 
equations (2.1) for determining them one has to keep in mind that the X^’s 
occurring there in these equations will he the allowed combinations 
containing only R(i)'s. Such combinations shall be called the Boltzmann 
type of allowed combinations and represented by X^'s. Let us further 
assume that the total number of such Boltzmann type of allowed combinations 
is nl. Thus we have, 



rs 




( 2 . 12 ) 



where 


= (M^ r; - M^} (2.13) 

^ c c 

The summation over 'c ! in equation (2.12) involves all the allowed 
combinations and that over ‘cl* involves only the Boltzmann typo of 
allowed combinations. 


The various allowed combinations shall now be divided on the 
basis of the number of the pumps present in them into various types such 


as X 1 1 s , X ’ s , 


, X *s having no pump, one pump, two pumps, .... 


‘cl “c2 5 “c/i 

{fS -l) pumps respectively. Let us assume that the total numbers of 

allowed combinations of these types are nl, n2, .... , n fb respectively. 

Hence we have 


n = (nl) + (n2) + + (nfb) (2.14) 


Each of these types may further be subdivided into categories 
on the basis of the specific pump/pumps present in them. This analysis 
will greatly facilitate the study of the saturation behaviour of the 
multilevel-multiresonance system. We shall now consider these 


subdivisions . 


X^'s cannot be further subdivided . X^'s can farther 


subdivided into 't 1 categories such as x c g(]_)' s > X c 2(2) ,s ’ *"* ’ X c2(t) 
having the pumps P(l), P(2) , .... , P(t) respectively. Assuming that 
the total number of combinations of the category Lsotp' 3 is 


we have 



' * f 


X c3 ‘s can be put into categories such as x c5 ( lj2 ) ,s * X c3(l»S) * S * 

X c3(l,t) S * X c3(2,3) ls> X e3(2,4) * 3 ’ **** » X e3(2,t)' s; ^(S^)* 8 ' 

X c5(3,5)’ s ’ •* ’ X c3(3,t) ,S; 5 X c3{t-l,t)' s havil3g the 

of pumps P(l) and P(2), P(l) and P(3), , P(l) and P(t); P(2) and 

P(3), P(2) and P(4) , .... , P(2) and P(t) j P(3) and P(4) , P( 3) and P(5), 

.... , P(3) and P(t) j ; P(t-l) and P(t) respectively. If 

we assume that the total number of allowed combinations of the category 

is ^ K vh } we 


n3 = _ J nSOC^Kg) 


K 1 >K 2 =1 


(2.16) 


In a similar way we can subdivide the other types also. The X^ type of 
combinations have no relaxations i.e. they are combinations of pumps only. 
Hence from the above point of view each of them may be thought of as a 

subdivision. These are as X o/1(1>2 x 0 ^( 2 , 3 , /J)> 

X cp( 3 4 fi+l)’ •*** etc * Assuming that the total number (which is 

actually unity) of allowed combinations of the category ^ ^ , . ,.,!U ) 

is .. 


, we have 


n/3( K^,Kg, .... j ~ A 

(for each set K^> Kg >. .. > x p_-^) 


(2.17) 


and 


t 

n/i = 2 n/i(K 1 ,K 2 ,..,K„^ 1 ) (2,18) 

(k l >e 2 > 

It can very easily be understood that for the presence of all 



such types it is necessary to have at least (ft-l) pumps in the system. 
From equation (2.14) and equations of the type (2.15) , (2.16) and (2.18) 
one can write the following summation equation 


n 


c=a 


nl n2 

E + E 

cl=l c2=l 


Tift 

>** + r . 


ft 


(2.19) 


n2 t n2(K„ ) 

Z = E t, 

c2=l KT=1 c2(K^)=l 


n3 t n3(K ,K ) 

^ \E . E, 


c3=l K x ,K 2 =1 c5(K 1 ,K 2 )=1 


S (2.20) 


I 

n t nft (Ki^Kg, » • • 

cjpi Ki ,k 2> ? ,1^=1 c/Jtq.Kj, ... 

J 

Using equation (2.19) i.e. the division of X^'s into various 
types and equation (2.20) i.e. the subdivision of various types into 
categories in equation (2.12), we get 


(a/b) 

z ( P’s ) = — 

rS (C/D) 


( 2 . 21 ) 


where 


m 



(2.22b) 


331 

” = Sl ^ 


a )X o2(lt ,) + 

cl-l j£ =1 c2(K^) =1 wA1 V ca V 


t 

s. 


;(k 1 ,k 2 , . 


1 (M^ r3 ^ 


l ,K 2 , *' , /3-l 1 c /3 ^ K 1 ,K 2’ ’ C ^ Kl ’ 2 ** ’^3^ 

(Kj>K 2 >->^_ 1 ) 

[ c^(r l5 E 2 , ... ,K^_ 1 ) ) 


(2.22c) 



(D c2(K 1 ) X c2(K 1 ) ) + 


K r K 2-*^rl < k i» k 2 > • • >%-i )=1 ^ C ^ (K 1 ,K 2’ * * 


n/3 (EL ,K 


1 ’ 2 : 


**^_ 3 


(D. 


"c/3) (K 1? E 

We now define T's as follows 

* 0^1 (K^jKg, ... jKyj _ x ) 

Y c 1 n (K^Kg,..,!^^) p( Ki ) p(k 2 ) ... p(k ) 
( V) = 2,3, . . . >/3>) 


(2.22d) 


(2.23) 


Using equations (2.23) in the equations (2.22c) and (2.22d) we can 
modify them in forms which are suitable for our purpose. Further, 
using these modified equations and equations (2.22a) and (2.22b) in 
equation (2.2l) we get 



Z rs (P(1),P(2), ... ,p(t)) 


i + 1 /<v4 r3) + i r<vp<K 2 )x< rs ’ 

1 K^TC^l 1 * V & 2 


F(K 1 )F(K 2 ) • • •%- I^v4 ^ 


+ + K P < V P ‘**«V + ’ ' 

N _1 1 K i> i -o“ 1 i 2 


t 

z 

{ 1> K 2>* “>^ 1_1 


P(K )P{K J...POU )il „ „ 


In the above equation s and /Xj s are called the saturation parameters 


of the spectrum and are defined as below: 


V (rs) 
A-ir 


OgiO (r.«) 
02^1=1 (K = S(![ 1 ) 


£ (M =i V 


{\ = 1,2, 


^I’V Urn) 


■V (rs) 
AK 1’ K 2 


Si- / vc \ * S } y \ 

^,k 2 )=i ‘ * 3 < k i’V 


t. *<,!> 


>(2. 25a) 


(K., = 1,2, ,t; K p = 1,2, ,t with E 1 >K g ) 


etc. 


r&i\) 


cSj=l ^ c2 ^V c2 ^ K l^ 


Sly = 

h 


ni 


(D_, I,) 


= 2=1 

( K ± = 1,2, 


cl cl' 


,t ) 




(“hor/Tf v \ rzfv v \) 


> (2.25b) 


A 


K 1’ K 2 


cSTk^K = 5 (Ki,K e ) ‘csck^k,) 
nl 

2 I'd'd 1 

ci=i 01 cx 


( ¥. ± = 1,2, ,t; K g = 1,2, ,t with Kj>K 2 ) 


General finite -tempera tare expressions for the saturation 
par am eters such as those given above, have not appeared in the literature 
so far. However, Stephen^ has derived in the infinite— temperature case, 
an expression for Z rg which looks similar to the finite-temperature 
expression (eqn. 2.24) derived here. He has also obtained infinite- 
temperature expressions for the various saturation paramenters Si's 
and X's. We shall deduce his infinite-temperature expressions for the 
saturation parameters A' s and X's fhom our general finite temperature 
expressions (sets of equations (2* 25a) and (2.25b) ) • Before doing so 
we may comment on the relation between the pumps and the X»s for a 
pair of levels ! r and s 1 * 

Since a p um p equalises the populations of the levels which it 
connects, we have 1 for the combinations l^s having P rg in them 

M< rs) = 0 

d 


(2.26) 



and hence if the pair 'r and s' of levels happens to be ary one of the 
pairs of levels connected by the pumps F^) , P(X }, , P(xt)), we get 


X (rs) 

K ¥ 

1 f 9 


,K' 




(2.27) 


However^ for those cases in which we cannot assume the r.f. 
oscillator to be at infinite temperature, P P and equation (2.26) 

ST . TS 

and hence equation (2.27) will not be correct. 


low in the following we shall deal with the 'infinite 
temperature case' and the 'high temperature case’ respectively. 


Infinite Temperature Case 

We know that R-^ = (exp ^ (E^-S^/kT^ and hence if the 

lattice temperature is infinite = R ^ . It can be understood from 
the theory of the 'inspection method ' that the various term coefficients 
are in general exponentials of linear combination of ZhS/kT where -k^E 
refers to the (fb -l) energy gaps of the fb- level system (see sec. 2). 
is pointed out earlier the non-equality R^ f- R i* 1 the 
temperature case is accounted for through the term coefficients and by 
defining relaxations as R lm 's (l> m) . Therefore,, in the infinite- 


temperature case we have for all combinations X 's, 

* o 


M (l) = 1 
c 


( i = 1,2, 


,A> 


which implies 


M 


(rs) _ 


0 


and 


D = fb 
c 1 


(2.28) 

(2.29a) 

(2.29b) 



Using equations (2.29a) and (2,29b) in the sets of equations 
(2.25a) and (2.25b) we find that in the infinite -temperature case while 
the saturation parameters X. f s become indeterminate the saturation 
parameters -TL 's are given by the following equations: 


n^K ) 

cS l)= l (lc2(K l }) 
nf = 

nl 

S (X cl } 
cm ci 

(\ = 1,2, ,t) 

f-'W (Y . 

C3T k ,K )=1 c3 ^ K 1 , V 

ilK l’ K 2 nl 

£ (x d> 

cl=l 

(K^ = 1,2, ........ ,t; Kg = 1,2, ... 

...... etc. 


> (2.30) 


,t with K^> Kg) 

J 


These expressions for JT° »s agree with those derived by 
Stephen 3 using infinite -temperature approximation. He, however, says in 
his paper that the temperature is high. We shall make a distinction here 
between high- temperature and inf inite- temperature . 

The expressions given by Stephen 5 "* for X*s are for what he 
refers to as the infinite-temperature case whereas, as we shall see in 
the following they are actually true in the high-temperature case only. 



High Temperature Ease 


For this ease we have = R^ 1 <1 + ^ (5^~B^)/kTj> and the 

saturation parameters are still defined by the sets of equations (2.25a) 

and (2.25b). One can then utilize the linear approximation for the 

exponentials occurring in the various term coefficients (and D ’s) in 

c 

these sets of equations. 

However, we can simplify the expressions for the saturation 

parameters "X-’s in this case. For this purpose we consider the categories 

in the type X . It has the categories X (v „ v \ 

C/U & 

(IL = 1,2, ...,tj K 9 = 1,2, ...,t; K = 1,2, ...,t with 

Xi>K 2 > . . . > . Each of these categories may be further divided 

into (yU-l) species. The ))-th specie for example consists of 
s(u 1 ,u 2 ,...,uxj):i 


C /U 


r„ „ „ \ ’s, namely .the combinations of the category of 

'■N >X 0 , • * * ’jLi _i ' 

’s In which the level 's' is connected to the 


3^(K 1 ,K 2 ,...,K u _ 1 ) 

A U 1 “2 a 

this path excludes p - a , p - a, , , and p 

11 ■ 12« i i.« U Y i t s* U 

For ))= 1,2, ... ,/U-l we get the (yU-l) species. Thus, for/^i= 2 which 


level 'r ' via p - q , p - q ..... and p - q in this order and 
u, V u 0 H u„’ Uy ^u^ 

, ... , and p. - q_ 

n V+i u i^+2 ^y+2 %-i yu-i; 


corresponds to X^ 2 type of combinations, the subdivisions are -^ c g^jr ^ 


= 1 , 2 , 


. ,t) and from each of these subdivisions we get a single 
(jU-1 = 2-1 = l) specie of combonations, namely, those having combinations 




V v ! 

c2(0 . 


s. ForM ~ 3 which corresponds to X c5 l s, we have the 


subdivisions X^^ g ) (K^ - 1,2, ..., t; Kg - 1,2, ... ,t with K^> Kg) 
12 

and from each of these subdivisions we gat two species, namely, those 



having the combinations X 


s (n 1 ,n 9 )r 


t('u 1 )r 

c3(F k ) ' s an ^ ^Kose having the combinations 


'^(K^Kg) ' S and so on> 


Let us now introduce the following summation rule 


s(xl )r s(K )r s(K )r 
2 X c2(K 1 ) = X c2(K 1 ) + *02(1,) 


( 2 . 31 ) 


_ s (Or 

As seen here u^ tabes the values and K^; X^g^g j is a combination of 


the category } 


in which the level T s 1 is connected to level ! r ! via 
s(K^)r 


connected to level ’r f via the 


the path q.g ~ Pg in this order while } is a combination of the 

category X^g^g ^ in which thejlevel ’s' is 

path Pg - q^. in this order. Similarly we introduce the summation 

s(u..,uJr _ _ 

X ^ /g g \ where u.. , Ug take the values K,, K,, Kg, Kg thus 
Ui>u 2 ° l W 
loading to eight terms in all. 

Since for all cl's we have = (hiAJ/kT, we get, using 

Cl ST 

the above-discussed classification of categories into species in the set 
of equations (2.25a), the following equations for the saturation parameters 
X-s in the high temperature case. 


X M =Jl « 


K„ 



cl=l 



s(u,)r 

r c2(K x ) 


(T high) 


( 2 . 32 ) 





having the combinations X^^ .. ^ 1 s and those having the combine 
s(u, ,u 9 )r 1 * 2 

X c3(K 1 ,K 2 ) ' s and 30 or - 


I<e t ns now introduce the following 


summation ruie 


s (tL )r s(K )r s(K )r 
^ c2(K 1 ) *02(1^) + X c2(K 1 ) 


( 2 . 31 ) 


_ 3 (Or 

Is seen here u^ takes the values and K^; X c g^ ^ is a combination of 
the category X 0 /~ > in which the level 's' is connected to level ’r* via 

. K 1 s (Or 

the path - p^. in this order while X Q g ^ is a combination of the 

category X^g^ ) which thejlevel 's* is connected to level 'r ' via the 

path Pg - q^. in this order. Similarly we introduce the summation 
* 1 1 

s(it,ujr _ _ 

y'' ^ c 3 (g; k ) where u^, Ug take the values K^, K^, Kg, Kg thus 

Ui>Ug C 1’ 2 

leading to eight terms in all. 

Since for all, cl's we have M^ s ' = (h^ )/kT, we get, using 


the above— discussed classification of categories into species in the set 
of equations (2.25a), the following equations for the saturation parameters 
X’s in the high temperature case. 


v ( rs ) = n 00 
A-k j l k 
1 1 


■M-i. 

£ x 


. ' XL 
Cl 1 


t c2(K 1 ) 


'c2(K ) 


(T high) 


(2.32) 




Equations similar to the equations (2.3?) and (2.32a) have been 
derived also be Stephen using the linear approximation but he las 
apparently ignored the point that the -ft' s appearing in his equations are 

essentially £f° ’s. Thus, in his equations for Xi rs ^ (T high) , 

( 'i 1 

and Xr 3 f (T high), the linear approximation, exp(hi)/kT) = 1 + (hl^/kT) » 

l* ‘2 

has not been employed throughout for all the terms . It may be remarked 
here that as far as the calculations of the saturation parameters %’s in 
the high temperature casejls concerned there is no additional advantage 
in using equation (2.32) and equation (2.32a) over the equations (2.25a) « 
However, in practical cases equations such as (£.32) may provide more 
insight into the physical problems. For example, in electron-nuclear 
double, resonance (MDOR) experiments where we apply nuclear frequencies 



and then study the electron resonance, rs refers to the electron resonance 


levels and K^, K , ..... etc. refer to nuclear resonance pumps. In these 
experiments the ratio ( iJ / ]J ) is very snail and hence the second term 


\ , , 

in equation (2.52) can be neglected so that we gat 

1 f ‘l 

In the case of Ovorhauser effect one applies the pumps 


00 

X 


between the electron spin resonance levels K ,Kg, . . . etc. and studies the 

populations of the nuclear levels (rs) . The ratio ( IL / y ) , which is of 

" 1^*1 sr 

the order of the ratio of the magnetic moments of the electron and nucleus, 

3 m 

being large (*^10 ) the first terms i.e. the S't v in equation (2. 32) ta now 

h 

negligible . 


II. 5 M 'EXAMPLE OF A FOUR LBVBL ST3TRI 

To demonstrate the use of our various expressions for the 
saturation parameters i~L* s and /^.’s we shall now present an example of a 
four-level system and some typical calculations in this system. 

We shall take the example of dilute solutions of free radicals 
for which electron spin resonance (e.s.r.) studies are very common. In the 
presence of an external magnetic field applied in the ■ z— direction, the 
Hamiltonian for the free radical system consisting of an unpaired electron 

interacting with a set of n equivalent nuclei and undergoing notional 

2,9,10 

averaging can be written as 

n = /V*. - + ii (2 - 34) 

Here fb is the Bohr magneton; fb^ is the nuclear magneton; is the 



nuclear g-factor for the l:-th nucleus, g is the nationally averaged 
value of the electronic g -tenser (^(g^+g^+g^) ) and is the 
averaged value of the hyper fine interaction for the k-th nucleus . We 
shall assume here that quadrupole interactions are unimportant. The 
energy levels corresponding to this Hamiltonian are specified fcy the m 

B 

and Eij quantum numbers and since the interaction considered here is with 
a set of equivalent nuclei such that we get a set of 

2(2nij+l) energy levels in the Paschen-Bach case. The e.s.r. lines 
correspond to the transitions between Zeeman levels characterized by 

(s s ) , * (m g +l) ’ * 

If we take a single nucleus (I = -%) interacting with an odd 
electron (s = -g) we get a four-level system. The precise labelling of the 
four states depends on the relative strength of the nuclear Zeeman term 
and the hyper fine term and also on the algebraic sign of the nuclear 
magnetic moment and the hyperfine splitting constant. We shall consider 
here the scheme in Fig. II. 3, taking typical values, such as e.s.r. pump 
frequency = = l) = ( j 'V^|h z )/2tt = 30 kMc, nuclear Zeeman 

splitting = V 1Z = l^ 4 = l) n = ( | ^jH z )/2n = 15 Me. 

For an odd electron interacting with n equivalent nuclei 
(each with spin I) Stephen and Fraenkel have given, in the extreme motiona 
narrowing case, the forms of various relaxations assuming that the 
anisotropic intramolecular electron— nuclear dipole-dipole interaction and 
the g- anis otropy modulation are the dominant mechanisms of intramolecular 
relaxation. 

R(Zlm o = + 1, ZiBLj. = 0) = (K m^. 2 + L + M) .D(n,I,JBj) (2.35a) 
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II. 3 THE ELECTRON-NUCLEAR COUPLED SYSTEM ( S = 1/2 and 1=1/2 ) 
FOR WHICH THE SATURATION PARAMETERS ARE CALCULATED. 
ENERGY LEVELS ARE LABELED BY mg, mj VALUES. THE 
VARIOUS RELAXATIONS ARE SHOWN. THE SYSTEM CONTAINS 
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FIG. n. 3 THE ELECTRON-NUCLEAR COUPLED SYSTEM ( S = 1/2 and 1=1/2 ) 
FOR WHICH THE SATURATION PARAMETERS ARE CALCULATED. 
ENERGY LEVELS ARE LABELED BY mg, nij VALUES. THE 
VARIOUS RELAXATIONS ARE SHOWN. THE SYSTEM CONTAINS 
TWO PUMPS. 
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R(Z!zi^ = ±1, Zhm T = + l) 

= 6R{ZNja s = + 1, <LiD T = + l) 

= 4R(Zim = 0, z_m T = + l) 

S X 

+1 

= nK^ (I^n){ljm+1) D(n-l,I,m ]; -m) (2.55b) 

hf-I 

D(n,I,nij) in equations (2.35) refers to the degeneracy of the (m ,HLj.) 
levels. For an unpaird electron interacting with n equivalent nuclei 
each having nuclear spin I = Jr we have 

nl 

D(n,^-,m T ) = (2.36) 

(■§n-m j)l (-gn+mj.) I 

■ . ■ ' j 

K and L are the terms in the matrix elements of the perturbation ! 

Hamiltonian D~l (t), corresponding to electron-nuclear dipole-dipole 
interaction and to the cross term between the g-factor anisotropy and , 
the above dipolar interaction . M consists of the terms of the matrix j 
elements of this Hamiltonian which are independent of Since our 

example of four-level system consists of one nucleus (I = £) interacting j 
with an odd electron (s = jr) , we have no degeneracies in our levels. j 

Referring to the Fig. II. 3 and utilizing equations (2.35a) and (2.35b) j 


we have 
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R(l) 

S 43 

_ K 
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R(2) 

= R 21 

_ K 
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R(3) 

n 

jv 

H 1 

_ K 
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R(4) 


_ K 
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R(5) 

= R 42 

_ K 

4 “ 

I +m 

R(6) 

= R 31 

11 

4- 

| + K 


) (2.37) 


Let us assume that two pumps are present (see Fig. II. 3) 


P(l) = p 13 

F(2) = P 24 


(2.38) 


We find from equation (2.24) that the required saturation 
parameters of the spectrum are XI Xig, Xlg^, ant ^ 

For the numerical evaluation of these parameters we need the 

ft j-i- 

values of K, L and M. An order of magnitude estimate of these may be 
obtained from a consideration of the values calculated try Stephen and 
Fraenkel'~ in the, case of benzene negative ion. We take their values 
vhibh are 


K = 3.8 x 10 3 sec -i 


L = -0.8 x 10 3 sec -1 

A _1 

M = 2.42 x 10 sec 


> (2.59) 


and 
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Using these, we obtain the following values for the saturation parameters 

at T = 300 °K 


A 1 = 3.9245 x 10"° sec 
fl 2 = 3.8054 x 10” 5 sec 
fl 2fl = 1.4934 x 10~ 9 sec £ 

X[ Mj = 3.9104 x 10" 2 sec 

Xi 54 ' J = -3.7833 x 10 -2 sec 


X^f = 1.4859 x 1C~ 9 sec 2 

We may mention here that in this case {jrs) = (34)] the number of various 
types/categories of combinations are nl = 24, n2(l) = 8, n2(2) = 8 and 
n3(2,l) = 4. 


II. 6 M EXPRESSION FOR THE Oj DEPENDENCE OF THE ELECTRON SPIN 

RESONANGE LINES OBSERVES IN DILUTE SOLUTIONS OF FREE RADICALS 

In the previous section we have discussed in detail the nature 
of the multilevel problem arising in dilute solutions of free radicals 
in which an odd electron interacts with a set of equivalent nuclei. The 

e.s.r. transitions ( ] (m g ),(m I >) > | (m g +l ) ) can be characterized, 

by their m^ values. In the present problem wa shall be interested in the 1 
saturation parameters 's where K^s refer to the e.s.r. pimps. 

The first set of equations given in the sets of equation^ 

(2.30) is applicable for the calculation of the saturation parameters 
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iTjr ? s for pairs of levels p_ a F 5 s coupled by the punns P ‘s in the 

1 1 *1 ‘ %% 

11 

infinite-temperature case. We shall use this expression to derive the 
iBj dependence for the e.s.r. lines of dilute solutions of free radicals . 
For simplifying the analysis in this section we shall drop the subscript 

in the pair of levels p^ and denote the saturation parameter j 

co 1 1 1 

tyil pq for a pair of levels pq. Thus 


_ oo 

-flpq ~ 


fi Pq) 

cgfpq)=l 

nl 

£ x . 

cl% cl 


(2.40) 


We shall now assume here that pq in this expression corresponds to an 
e.s.r« transition. Here ^ and contain various relaxations (R*s) , 

which, in the present case are given by equations (2.35a) and (2.35b). The 
denominator of equation (2. 40) can be written as 


nl 


cl=l 


cl 


nl* 

Z 


cl'=l 


cl* 


nl” 



(2.41) 


where cl 1 refers to those Boltzmann type of combinations which contain the 
relaxation R while cl" refers to those which do not contain this I 

pq 

relaxation. Thus nl = nl' + nl n , the total number of combinations of 
Boltzmann type. In accordance with equation (2.23) and the above definition 
of the cl* -type of combinations one can write, 


nl* 

X 1 cV 
aV=l 1 


n|(pq) 

^ c2(?q)=l Y ° 2(pq> 


(2.42) 



since actually nl' equals n2(pq). Hence, one can rewrite equation (2.40) 


as 


or 


where 


^(pq) 


/l °° = 
" L pq 


c2tpq)=l ' C2(pq) 


l^(pq) 

Pq c^Tpq)=l 


cl"=l 


cl" 


n 


03 


M r + (R_ 

pq 


(2.43) 


nl" 

S x c i« 

•T) cl"=l c 


c2 


n2(pq) 

V i 
2lpq)=l C 


(2.44) 


2(pq) 


Since we are interested in the m T dependence of the saturation 
between the levels p and q (both having sane m^) based on the above 


expression for _fipq ( m j) » it nrust now be clear in mind that this 
dependence will come via the forms of the expressions for R and the 

pq. 


ratio 


<SL 


The xij dependence of R is given in equation (2.35a). As far 
as the mj dependence of the ratio 0R_ is concerned we first note that this , 
ratio is of the order of a relaxation. Further, since neither any ; 

I q1 „ nor any I c2 (p q ) contains the relaxation R^, the ratio uri will I 

contain the dependence through the relaxations R^'s and R^ ffi 's aU of 
which will be of the form given in equation (2.35b). The other relaxatioi 



characterizing the 


occurring in the ratio CR. will be independent of this 
e.s.r. transition in question. 


Introducing the form of R given in equation (2.35a) in 

pq 


equation (2.43) we get. 


XI® « 


\ limb f 

PC * (K + L n T + M) D(iSj) + 


or 


where 


SI pq ^ D K) 


GC ^ 


(K L B1J+ M) + (&' 

(k^j) 


(2.45) 


D(bj) 


(2.46) 


Thus ve see that unless the uij 
can not get the exact dependence of _Q_ 
exact D.j dependence of jfl.^ is not simple 


dependence of is known one 

QO 

. The task of giving such an 
pq 


However, if for some reason or the other is negligibly 
small or else if the dependence through this term is not very dominant 
from the experimental point of view, we can treat it as a constant which 
is independent of m^. Under such an assumption equation (2.45) can he 
cast into the form. 


1 

A 00 (m T ) D(m T ) = r 

1 A m T + B mj + C 


(2.47) 


where the constants A, B and G arc given ty 



A = K 


B = L \ (2.48) 

and C = M + CR 1 ' 

Equation (2.47) shows the nij dependence of Xl°° for the e.s.r. 
saturation in dilute solutions of free radical systems in which the 
relaxation processes outlined earlier are present and the approximation 
that ^ i i s independent of is valid. In the case of systems in which 
processes other than these are significant it is obvious that it is still 
possible by making use of equation (2.45) to investigate the dependence 
of XI 00 in a similar manner provided the exact forms of tho various 
relaxations for those processes are known. 

An expression for the dependence for the case analyzed . 

3 

here has also been given by Stephen in the form 


£1™ (m T ) D(m T ) = A’ vxJ~ + B' m T + G 1 

DG JL JL x JL 


(2.49) 


It may be pointed out that Stephen' also goes through several 

CD 

approximations in order to get the above m, dependence of » In fact, 

i pq 

he completely ignores the dependence which might have come via 


relaxations other than R 


pq 


5 

We may note that although the expression given by Stephen 
differs from ours it can be shown that his result, is a particular case 
of our results. To illustrate this point we shall rewrite equation (2.47) 
as 





= ( C> [* + (<#) + (|> -j }J _1 

( 2 . 50 ) 

low if 

{(|) ^ + (|) n j}«l ' 

( 2 . 51 ) 

then we 

have from equation (2.50), 



-^-pq^ ~ ” ( C } m I “ 



= A' n-j . 2 + B ! uij + C* 

( 2 . 52 ) 

where 

II 

O | 

• Jp 



(-B) ! 

B‘ = 2 

(G 2 ) 1 



■J 

It is seen that unless condition (2.5l) is satisfied the 
above argument will not hold good. 


Sc hr ears and Fraenkel 4 have attempted a verification of Stephen' 
expression for the dependence of IT 00 in para-benzoseraiquinone ion. 

From the line-width and peak-height measurements they were able to show 
experimentally that. 




| (0.027) n x 2 + (-0.011) BLj. + (0.690)^ 


(2.54) 

-1 


We see that in this free radical system J has 

the form a m^. 2 + b iij + c whereas according to Stephen jj3(m x )/ < i(m x )J 



and not j^B(mj)X'l.(mj) j should have the above fora. Our expression 

(eqn. 2.47) shows, however, that jo j itself has the fom 

2 

a mj + b Ej + c. Hence, our expression for the r^. dependence appears 

to be directly verified by the experimental results of Schreurs and 
4 

Fraerikel . The experimental results may be also taker, to indicate that 
equation (2.46) is, to a good approximation, independent of m^. 

II .7 CONCLUSION 

Two rate-equation approaches, namely (l) the 'Diagram method* 
of Stephen and Fraenkel and (2) the 'Inspection method* of Keating and 
Barker for obtaining the steady-state population distribution in a 
multilevel-multiresonance Zeeman systems are discussed and shown to be 
equivalent. The 'inspection method' has been extended to the calculation 
of various saturation parameters in the general finite temperature case 
by suitably analysing the general finite-temperature expression for the 
saturation factor Z rs . Infinite-temperature expressions for the 
saturations parameters given by Stephen are shown to be deducible fro® 
our general finite-temperature expressions for the corresponding saturation 
parameters. For the calculation of saturation parameters It is found that 
our procedure can be adopted simultaneously for the finite, high and 
infinite temperature cases with the same amount of effort, whereas in 
Stephen* s approach, if one goes from the infinite-temperature case to 
the finite- or high-temperature case one has to consider numerous 
additional diagrams. The usefulness of our finite- temperature expressions 
for the saturation parameters has been demonstrated by taking an example 
of a simple four-level electron-nuclear coupled system and presenting seme 
typical results for this . 



Tho dependence of the saturation parameter i"i°° on nuclear 

pq 

magnetic quantum number m^ for the hyperfine lines in the e.s.r. spectra 

of dilute solutions of free radicals has been discussed. The two 

mechanisms, anisotropic intramolecular dipole-dipole interaction and the 

g-anisotropy modulation, are the only type of relaxations assumed to be 

responsible for such an m T dependence . The results thus obtained agree 

with available experimental data. In earlier expression derived by Stephen 

for the el. dependence of Jl 00 is shown to be a particular form of our 
1 pq 

expression. Since such a m T dependence contains in it various relaxation 
parameters, an experimental study correlated with theory may yield valuable 
information regarding these relaxation processes. 

Using our general finite-temperature expressions for the various 
saturation parameters and the rules of the inspection method one can 
utilize high-speed digital computers for such calculations. This, however, 
will require numerical values for the various relaxations (R*s) present in 
the multilevel-multiresonance system in question. Generally, such 
numerical values are not available but the forms of these relaxations 
may be known in terms of certain parameters which characterize the 
relaxation mechanisms present in the system. Hence, before attempting 
to adopt the present extension of the 'inspection method* for machine 
computation of the saturation parameters it will be useful to extend this 
analysis further in order to take into account the forms of the various 
relaxations. Such an extension will be presented in the next Chapter 
where we will also adopt the final form of the method to machine 
computation of the saturation parameters. 
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CHAPTER HI 


MACHINE COMPUTATION OF SATURATION 
IN MULTILEVEL MULT I FESQNANCE ZEEA 
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N SYSTEMS 



CHAPTER III 


MACHINE COMPUTATION OF SATURATION 
PARAMETERS IN MULTILEVEL 
MULTIRESONANCE ZEEMAN SYSTEMS* 


HI.l INTRODUCTION 

In the previous chapter the ’’inspection method”'*' of Keating and 

Barker for the solution of the rate equations to determine the finite- 

temperature steady-state population distribution was applied to 

multilevel-multiresonance Zeeman systems and starting with the expression 

for the saturation factor Z between a pair of levels r and s, general 

rs 

finite-temperature expressions were obtained for the various saturation 

parameters fi's andX’s. In the present Chapter we further extend the 

’inspection method’ to take into account the explicit forms of the 

various relaxations, product combinations of which occur in the expressic 

for the various saturation • parameters . The relaxations will be ? in generi 

functions of certain parameters which characterize the various relaxatioj 

* A paper based on the material presented in this Chapter has been 
accepted for publication in the Journal of The Franklin Institute. 




mechanisms present in the system. Therefore ? the present analysis is 
believed to allow to go deeper into the relaxation mechanisms through the 
saturation studies. For simplicity we, however , assume that various 
relaxations are linear combinations of a number of relaxation par am eters 
which characterize various relaxation mechanisms present in the system. 
Utilizing such forms for the relaxations ,the oxprosaiona for the 
saturation parameters derived in Chapter II are modified. We discuss 
this in section 2. 


The final form of the 1 inspection method 1 thus obtained is 
adopted for machine computations of the saturation parameters in a 
mult ires onanee case of a multilevel system having certain predominant 
relaxation meehanisms which govern the relaxation parameters discussed 
above. Section 3 deals with a discussion of the salient features of the 
computer program. For such calculations in fairly level systems , 

the use of a high speed digital computer is very helpful and seems to be 
essential. 


In section 4 we give the results of our calculations on a 

six-level and a ten-level system. These two examples considered here 

. £ S 

are similar to those treated earlier by Stephen and Praenkel * , but our 

calculations are more rigorous. 


III. 2 FURTHER MODIFICATION OF THE EXPRESSIONS FOR THE 

SATURATION PARAMETERS 


In Chapter II the expression for the saturation factor Z 


rs 


between the levels r and s in a /3-level system having t pumps P(l) . 
P(2), ....... P(t) between the various t pairs of levels p^q^. 


f 



Pr Ig > ..... , Pg has been put in the fora 
2 2 *t t 


1 + k PtK i >x? + £ + 


1 k x >k 2 =i 


V 2 


z = 

rs 


t 

V K 2~>^-1 =1 P~1 AK 1 >K 2» **' 7>1 

t t 

1+2 PCKJA. + 2 P(KjP(K 1T. K K + .... 

£= 1 1 K/> K=1 1 2 V s 2 


. 2 ,, fa 


VV->V =1 


{5.1) 


Here the saturation parameters il_'s and %'s are defined 
(see Chapter II) as follows: 


ft 




n 2 (K x ) 

c2< ‘V c2 ^ 


nl 


cl=l 


D . X „ 
cl cl 


(\ - 1,2, t) 

nSjK^Kg) 


K 2 )=l °'*< h’V Io 3 ( K 1 > K 2 ) 


Vs 


nl 


ci=i 


D cl x cl 


= 1,2 


, .... , t; Kg - 1,2, ***• , t with K^^ Kg) 


and similar expressions for XI. r y y » XI. 


VW WW 


><■ 


etc. 



f> ( V M (r S ) _ 

>mj=l c2 ^": 


§ M ( f 5 X , 
4zt. cl cl 


(K^ = 1,2, .... , t) 


-yrs 

Xki,k 2 


D | £ Pi* K 2 ) „(rs) . 

03^,^)=! = 5 < K 1’ K 2> *^(K r K 2 ) 


> X , 
cl cl 


(3.2b) 


(K n — 1,2, .... , t$ K — 1,2, 


t with K a > K g ) 


X*S ,, X*5 

and similar expressions for 'Y v v v , Y„ v r 

x ^**”3 * 

As in Ghapter II, we have in above equations 




c2(Kj 


V ?(K % ) 


X c3 (^.Kg) 
C c 3(K 1 ,K 2 ) p( Ki )p(K 2 ) 


(3.3) 


Now, let ns assume thjt the various relaxations are given 
as linear combinations of ’l* parameters L(l) , L{2), ...» , L(l) 
characterizing the various relaxation mechanisms in the system 
under consideration. In other words, we have, for example. 



relaxation R(i) is given by 


R(i) = V B ( i j ) L(j) (3.4) 

H 


3 ( ij ) is a matrix of 'relaxation coefficients'. The (i) in R(i) is need 
here s imply to count the relaxations and each (i) refers to a pair of 
levels . It may be pointed out that in equation (3.4) the various 
subscripts are written in parentheses only because such procedure aid 
notation is useful in computer programming. This procedure will therefore 
be adopted henceforth. Also, much of the analysis tWt follows has been 


Ct 

presented in such a manner as to facilitate the programming of ^computer. 
For a /3-level system the total maximum number of relaxations is 
G R(max ) = ^(A)l) j ^(2)1 {ft> -2) ij . In equation (3.4) (i) can 

thus take values 1,2, .... , G^(max.) . In practice the number of 
relaxations is usually less than G^(max.) because some of the transitions 
may not be allowed. If all the relaxations present in the system have 
the form (3.4) It may be easily understood that, each *cl being a product 
of certain (ft-l) relaxations Is a polynomial of degree (ft-l) in the 
parameters L(j)'s. Hence, in general, 
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cl 


2 £ • 


1 

. 2 . 


ALPHA 






(5# 5a) 



Similarly, each ) 


"being a product of if}- 2} r-iocatxcns -s a 


polynomial of degree (/}- 2) in L(j) » a and in genera. 


Y -1(KJ 


CZ 


1 

1 1 


t t ..... z. ""WH* ^ L<i i )1(i ^- L( ^ 

i — 1 1 . _ — !L. i r\ n r\ % 


h =1 x z = H 


(3.5b) 


Each ^c3(K^,Kg) ° f ^ reliXaU ° riS 13 ,Kn0e 1 


polynomial of degree (A -5) in UiV* and ye hove 


L c3(K lf K 2 ) 


z Z - z ujm <.5(i 1 ,i») tl i ,i 2’"’ i A- 5 

V 1 Vh 


) L(i^)L(ig) -•h(^o r s'' 
( 3 » 5 c) 


and so on. 


In equations ( 3 . 5 ) AtPHA's are 


the coefficients of the various 


terms of the respective polynomials and are 
the products of appropriate B(iJ> coefficients, e.g. 


obviously products or suns of 




) is the coefficient of the 


term UqWq) • . . ) *» - <A-h’ ° rto polJ ” !aial 0f tk9 
product of certain (fi-T)) relaxations . 

Sinoe in the digital computer ve cannot ordinarily handle 


variables of more than three dimensions in a simple manner, each set of 
polynomial is nuatarei and thus designated ty a 


I«s in each order 
variable HTERK, 


UTEHM = HTEHM(i^,ig» 


l M r 


( 3 . 6 ) 



In fact, we perform the summations in equations of the type (3.5) 


exhausting the summations always from she inner si is, and set NTERM = 1 

for the first term (^=1, i g =l,...., i^_^_ 1 =l, i A _^=l), NTERM = 2 for 

the second term (ij=l, ig=l,...., i A _^ =2) NTERM = 1 

for the 1-th term (i^l, i ? =l i^_^=l), NTERM = (l + l) 
for the (l + l)-th term (1^=1, i g =l i r , _^„ 2=1 ’ 
iy^_y^ = 2)» NTERM = (l + 2) for the (l + 2)-th term (i^=l, ig=l, 
i^_y^_ 2 =l. _yj_^=2, i^_^=3) , . , HTERK = (21 - l) for the 

(21 - l)-th tarn (lj=l, i g =l, 

NTERM = 21 for the 21-th term (i^=l, ig=l i^_y^_g=l, i A 

^->1 


-3) and so on. 


Now, coming to the set L(i^)L(ig) ... .L(i^. of the 
parameters L(j)*s, one can easily understand that 


L(i 1 )L(i 9 )...L(i = L(l) 


LP( NTERM, l) 


TT L(j) 

3=1 


L(2) 

LP(NTEHM, j) 


LP(NTERM,2) LP(NT 

... L(l) 


(3.7) 


where NTERM corresponds to the set i^, ig, ...., in the (/3~f)) 

order polynomial and LP(KTERM,j) is the power of L(j) in this NTERM— th 
term of the polynomial. 

In view of these notations! simplifications 
ALPHA. (X. ,K 0 , . . .. , Kw .) is the coefficient of the RTERM-th term 

C T) i 2 1 r 1 

i.e., the term which corresponds to 

lp(nterm,i) 




(u2)\ 


LP(NT3RM,g) ( x LP(NTERM,l) 

.... <L(l}> in the 



(fj -V) ) order polynomial obtained by a product of certain {/j-t")} 
relaxations . 

Equations (3.5) will then appear as follows 
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(3.8c) 


where MTERM^, MTEBM^, MTERM^, .... etc. are the number of terms in the 
polynomials o? the type X^, ^£(K )* ^c3(X 7 ) * *'** etc * respectively. 
These numbers depend on the number , 1‘ of the relaxation parameters. We 


shall use these numbers later. It is worth mentioning here that if we 
made product of N relaxations of the type (3.4) having *1* parameters each 


using the first principles , we encounter (l) X pseudo-terms but the actual 
number of terms in the product will be less than this number. 


In a /3-level system we have (/3-l) independent energy gaps 
namely 1^-Ej. = 'C.(l) = EL2, = C(2) = E23, .... etc. and it can be 

easily understood from the theory of the inspection method^ that various 
term-coefficients are in general exponentials of linear combinations of 
these energy gaps. Hence, we have 



exp 



A c (r,j) 




(r = 1,2,..,/}) (5i 



k being the Boltzmann constant and T the absolute temperature. £{j-l) 

is the energy gap (E. - E. .,) apnearing in the linear combination with 

the numerical coefficient A (r,j) in the r-th term-coefficient of the 

c-th allowed combination. Note that we hare not used the value 1 (one) 

for the index ( 3 ) in the above equation (3.9). This will help us in 

future analysis as we will see a little later. Using equation (3.9) in 

/ \ 

the definitions of Q and (see Chapter II) we get, 

0 c 
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Using equations (3.8) and equation (3.10) in equations 
( 3 . 2 a) we get, 


P-t 


xl(K 1 ) 


1 y 

( I£j=l ,2, , t) 


SI 


x2(K 1 ,E g ) 


V K i 

2 = 


(K^=l,2, ...... t; Kg=l,2, . t with K^)> Kg) 


etc . 


> (3.12a(i) 


J 



where 


with 


and 


with 


and 


nl 


j- = <y 5 i 5 

cl=l 


[3.12t(U)) 


*k = £ •** ©„ A ci (1>i) 


i=l 


3=2 


IT 


► < 5.12a (ii)) 


MTMM i -L / \ 

= 2 Cl ALPHA .(KTEK-!) TT (L(j) j 


y” 

J el 


LP(KTERM4)j 


NTE3H=1 


cl 


J=1 




xl(Kj = X C (xl f (K 1 ))-(xl rt (K )} 

1 c2tK 1 )=l 


(K x = 1,2, ...., t) 


V(3.12a(iii5 ) 


nM Kl> K £ ) 




(K x = 1,2, t; Kg = 1,2,...., t with K g ) 

etc. 


P> C(j-l) 

xl'Otj) =23 exp \§ A c 2(K ) (i,3) 


kT 


/(5»12a(iii) , 


i 


MTERM 1 j \ LP(KTHKh,j} 

±L*(\) = ‘ 2 ° 2 A ™b2(BL) (KrHB0 II ( L(3) ) 

a NTEHM=1 1 



x2"(K ,K ) = 2 C3 ALPHA. ,,, „ s(NTEHM) IT L(j)J 

x c °v^i j = i ' # 


; (3.12a (iii)' 

! 

LP(OTm,j) 


1* 2 


* # » * etc a 


Similarly we may write the expressions for the saturation parameters 
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The problem becomes still further simplified when the various 
energy gaps C(j) 's are small compared to kT and thus the linear (high 
temperature) approximation exp^L.(j)/kP ) = (l + t(j)/kT^ can be made. 

Thus equation (3.9) in this case beecmes. 
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If we define 


A c (r,l) = 1 
(for all r and c) 
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{3-14} 


we can rewrite equation (3.13) as 
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Equation (3.15) Is In a form which is suitable for computational purposes. 
We now have. 
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(3.17) 


Now, we define a single variable MPAUt to designate a pair ! rs 1 
of the levels such as 

MPAIR = MPAIH(rs) (3.18) 

The various relaxations are given by equation (3.4) with a 
set of values of the relaxation coefficients B(ij) T s and the saturation 



parameters can "be calculated using the following equations (3.19a) and 
(3.19b) which are the ones obtained by using the above-mentioned linear 
approximation in equations (3.12a) and (3.12b) respectively. 
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In these equations (3.19a) and (3.19b) XD's and XKR's j 

are two-dimensional and three-dimensional variables respectively j' 

and are defined as follows: j 
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It may be mentioned here that V v IL V becomes 

E 1 ,K 2 , **** ,K >1 

2ero (see Chapter II) if MPAIR happens to correspond to pairs of levels 



which are connected by any one of the pumps P(F^) , P(Kg) , .... , P(K^-j) . 

In the Infinitely high temperature case when exp { £( = 1, 
the saturation parameters "X's are not defined (see Chapter II) and 
the saturation parameters il's are given as Xl°° ’s by the following 

equations : 
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etc. 

Putting the explicit forms of Y’s and X ^ (equations (3.8)) 
in the equations (3.2l) and rearranging we get, 
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where BETA'S axe one-dimensional variables defined as 
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In sets of equations (3.19a) and (3.19b) the numerators and 
denominators axe polynomials of various degrees in the parameters L(3>‘s 



with linear combinations of the energy gaps £,( j ) 1 s as the coefficients, 
whereas in equations (.3.22) the numerators and denominators are polynomials 
of various degrees in the parameters L(j)’s with numerical coefficients. 

III. 3 THE COMPUTER HjggflAM 

Based on the sets of equations (3.20a) , (3.20b) and (3.23) a 
computer program has been written in the FORTRAN language^ for electronic 
digital computers (specifically for the IBM 7044 with 32 K memory) . Since 
it is not possible here to discuss the entire program in detail, the 
present description is confined to a brief discussion of the salient points 
only. 

The program consists of a main program 'SAT* and three 
subroutines namely (i) Subroutine ’SELECT' (ii) Subroutine 'ILAAU' and 
(iii) Subroutine 'ALGEBR' . We shall now describe these one by one. 

The Main Program 'SAT ! 

The main program first reads NGAL, the number of the systems 
to be analysed in a 3 ingle run and takes the systems one by one 
(DO LOOP JCAL = 1,NCAL) for analysis. For a particular system taken, it 
reads NLEVEL, TffiELAX, 8FDMP, MCAL, MFOMEL, MPUMP2, NPARA, NPAIR. MLEVEL, 
KRELAX and NFUMP are the number of the levels, the total number of the 
relaxations and the total number of the pumps in the system. NCAL is a 
controlling datum. If MCAL=1, the calculations are to be done (using 
equations (3.23)) in the infinitely high temperature case only but if 
MCAL=2, the calculations are to be done (using equations (3.20a) 

(3.20b) and (3.23)) both in the finite temperature case with linear 



approximation and in the infinitely high temperature case. KEJMHL and 
MPUMP2 are the two limits characterizing the types of the combinations to 
be considered and hence the types of the saturation parameters to be 
evaluated* e.g. if MPUMP1 = i and MPUMP2 = 5, the combinations to be 
considered are X^, 7 .^ and X^ and the types of the saturation parameters 
to be evaluated are (l) H^° and Jl? K (if MCAL = 1, see equations 
(3.23)) or (2) Xj^ 


MPAIR IMPAIR 
K 1 ,K 2 


and %' 


1 2 

(if MGAL = 2, see equations (3.20a) , equations (3.20b) and equations 
(3.23)) . If MPIMP2= 2 the X^ type of combinations will not be considered 
and hence the corresponding saturation parameters will not be evaluated. ; 
NPARA is the number of the L(j) parameters and NPAIR is the total number : 
of the pairs ’rs 1 for which the calculations (if MCAL = 2) of X 

are to be performed. MPAIR stands for ary one of the NPAIR pairs. 

. . ■ . . ■ | 

After reading the above mentioned controlling and dimensioning 

! 

data the program proceeds as follows: 


(i) If MGAL = 2, the various energy gaps ( S(j)» J = 1, 
(NLEVEL-l) ) are read alphamerically as E3.2, E23, 
...... etc. These are used while giving the output 

of calculated XD's and XNR’s. 

(ii) ( L(J ) f J = 1, NPARA ), the various parameters 

characterizing the relaxations are read alphamerically 
for example as 'a*, 'b', 'c 1 , etc. 

(iii) DO LOOP 1 = 1, KRELAX ; IHR(l), ( C(I,J), J = 1, NPARj 
various relaxations ( R's ) and the coefficients 
B(l,J)*s for them (see equation (3.4))are read and 



The reason why they 


store! ir* IRS. and Z resceciiveiy . 
are not stored directly in IR and B will he clear a 
little later. The variable names IRR and IR for 
relaxations are used because the relaxations are read as: 
fixed point variables e.g. IRR(l) = Rgj = 0603, 

IRR(7) = R g = 0201, etc. 

(iv) ( IP(I), 1=1, NFUKP ) various pimps ( P's ) are read ; 

as fixed point variables and stored in IP’s e.g. IP(l) : 
= P g5 = 0205, IP(4) = P 13 = 0103, etc. | 

(v) ( IPIR(l), 1=1, NFDMP }, the characterising indices 1 

for all the NFUMP pomps are read as IPIR's. IPIR(l) = <j 
implies that the I-th pump connects the same pair of 
levels as does the J-th relaxation. Any allowed j 

combination will then not have both IP(l) and IR(J) j 
in it because a combination having both these will not 

fulfill the rules of the 1 inspection method 1 . Hence if 

! 

IP3R(l) = J, while considering the combinations having; 

i 

I-th pump and certain relaxations one should exclude th 
J-th relaxation from the total of the relaxations. 

(vi) If MCAL = 2, the "X's are also to he calculated and so 
«r' (IPA3R) and 's' (JPAXR) for all the HP AIR pairs ’rl 
are read as { IPAIR(MPAIR) , JPAIR(MPAIR) , MPAIR = 1, 
IPAIR ) . These form a part of common storage area and 

l 

are used in the subroutine 'ALG3BR' for the evaluation 
of XNR's (see equations (3.20b)). 



/if ter reading as above it prints the heading with NIE7E1, the 
number of the levels in the systems it is going to analyse and then reads 
and prinus the corresponding energy level diagram. This completes the 
input. 

The program now starts the evaluation of the various desired 

polynomial coefficients ( if MCA1 = 1, BETA'S and if MCAL = 2, XD's, 

XNR's and BETA'S ) by considering the appropriate type of combinations 
e.g. ...... X^, X etc. in that order. Note that the two limits , 

of the types of the combinations is not written. These two limits depend 

■ . ' ' ' ' ' ' | 

upon the values of MP0MP1 and MHMP2. However, usually MPUMP1 = 1 so that ; 

: l 

the polynomial coefficients obtained by considering X^ type of combination 

are the ones evaluated first. These give us the denominators of the 

■ . { 

saturation parameters. The DO LOOP KPUMP = MPUMP1, MPIMP2 considers varied 
types of combinations one by one. After getting a value of KPUMP here, 
KPUMP is set equal to (KPUMF-l) . MPTJMP is the number of the pumps 
present in each combination and it thus decides the type of the 
combinations to be considered presently. MPUMP is printed out and then 
MREL&X, the number of the relaxation to be present in each combination, is 
set equal to (NLSVSL-MFUMP-l) . NRELAX, the total number of relaxations 
( IB's ) la then set equal to ( KRELDC-MPOMP) because certain MPUMP 
relaxations are to be ignored while preparing the set of IR's .from that 
of IRA's for the present calculations. The values of MRELAX fix the order 
i.e. the sum of the powers of various L(J)'s in all the tens of the 
polynomials which are going to be evaluated while the number of the terms 
(MTEBM) in the polynomials depends both on MRELaX and IPARA. Hence each 
time in the 1X3 LOOP KPUMP = MFUMP1, MFQMF2 one evaluates for all MTSB4 



terns of the polynomials , the powers of all L(J}'s as {( LP{jn£HM,f) , 

NT ARM - 1, MTERK ) , J = 1, NPARA ). LP's constitute a part of the 
common storage area and are used in the subroutine 1 AT-fiSBR* in storing 
the contributions of each allowed combination in various terms of the 
polynomials . The LP*s are printed out to give us the information of the 
probable terms in the polynomials which are going to be evaluated (for 
the value of MPUMP set earlier) . 

4t this stage the program takes all possible sets of MFOMP 
pumps from the read list of pumps ( IP’s ) one by one, each time thus 
fixing the category of the combinations to be considered and the specific 
polynomials coefficients to be evaluated- e.g. if MPUMP = 2 and we have 
taken the two pumps as IF(l) and IP (4) the combinations to be considered 
are X^^ ^ (i.e. those having the first and the fourth pump) and the 
polynomial coefficients to be evaluated are (i) BETA 03 ^"’**' 's , if 
MCAL = 1 (ii) XD c3 ^ 1,4 ' ! 's, XE C ^ 1,4 ^s and BETA c3< ‘ 1 ’ 4 ^ 's, if MG AL = 2. 
Now for this example, we know that ws have to ignore the IPIR(l)~th and 
IFIR(4)-th relaxations ( Hill's ) . The various I?3R values of the pumps 
taken are stored in a single dimensioned variable IQF which vs then used 
for excluding the respective MPUMP relaxations from the 'KRBL&X' read 
relaxations ( I PR's ) and putting the rest ( i.e. {RELAX ) of them in 
IR's, the set of relaxations for the present calculations. The G's 
corresponding to the IRR's retained and set in IR's are put in B's. B's 
form a part of the common storage area and are used in the subroutine 
•ALGEBR' for the evaluation of ALPHA'S (see equations (3.8)) for the 
various allowed combinations. Before going to consider all the 



combinations of the above fixed category for the evaluation of proper 
polynomial coefficients we initialize these to zero, /if ter this we also 
initialize NGOOD, the number of allowed combinations ana NBAD, the 
number of disallowed combinations of this category to zero. Now with 
this fixed set of MPUMP pumps, all possible sets of MRELAX relaxations 
( Ill's ) are taken one by one. The set of MPUMP pumps and a set of 
MRSLiiX relaxations together constitute a combination of the above fixed 
category. Now one has to test whether this combination is allowed or not. 
If it is allowed, further computations are to be done, otherwise the next 
combination is to be considered leaving this disallowed combination. For 
this purpose the MPUMP pumps and the MRELAX relaxations occurring in the 
combination under consideration are stored in a dimensioned variable IQ, 
which forms a part of the common storage area and is used in the 
subroutine 1 SELECT 1 to test whether the combination is allowed or not. | 

Various indices ( I's ) of the MHELAX relaxations ( 3B(l) ’s ) taken in j 

the set are stored in a dimensioned variable IQS., which also forms a part 
of the common storage area, and will be used in the evaluation of ALPHA'S 
(see equations (3.8)) corresponding to the combination, provided this is 1 
an allowed combination. The program now calls the subroutine ‘SELECT* • j 
If it turns out that this combination is disallowed , NBAD Is increased by 
unity and the next combination is taken by taking the next set of MR BLAX 
relaxations. On the otherhand if the combination is allowed, NGOOD Is 
increased by unity before going to do the further calculations of the 
contributions of this combination to the proper polynomial coefficients. 
Note that the evaluation of the contributions to proper BETA'S requires 
the evaluation of ALPHA'S only (see equations (3.23)) while the 



evaluation of the. contributions to the proper XI f s and XNR 's requires the 
evaluation of , A (l,j) 's also (see equations (3,20a) and equations (3,20b)). 
Hence if ‘MGAL = 2 , and the combination is found to be an allowed one the 
program initializes the 1(1, J) 's to zero and calls the subroutine ' ILAAIJ 1 , 
which gives a fresh matrix A(l,J) corresponding to the allowed combination. 
A(l,j) ! s form a part of the common storage area and ar© used in the 
subroutine 'ALGEBA'for the evaluation of the contributions to the XD's 
and XFR's. After evaluating ii(I,J) 's in the subroutine *111111' one comes 
back to the main program ’SAT 1 and calls the subroutine 'ALGEBR' which 
actually performs the algebraic calculations for the appropriate ALPHA’S ; 
and then evaluates and stores the contributions to the proper polynomial j 
coefficients. Had MGAL been equal to unity, the program would have 

skipped the calling of the subroutine 1 T IAA. IJ 1 and would have directly 

. ' ... ■ •' .■ , .. . | 

called the subroutine 'ALGEBR 1 for evaluating and storing of the 

■ . _ ' ■ . . ■ " j 

contributions to BETA'S. After returning from the subroutine 'ALGEBR* I 
the program takes the next combination of this category by taking next set 
of MRSLAX relaxations and goes through the same process as explained above 
When all the combinations of this category are exhausted we get the 
corresponding polynomial coefficients (particular BETA’S if MGAL = 1 or 
if MCAL = 2 , XD's and XNR's also), which are calculated in the subroutine, 
'ALGEBR'. BETA'S, XD's and XNR's form a part of the common storage area. 
These are printed out in the main program. Afterwards, the program goes j 
back -and takes the next set of MFUMP pumps and proceeds to do the j 

respective calculations and print-, the results in the manner similar to 
that explained above for the new set. On exhausting all possible sets o| 
MPOMP pumps, the program goes still back to take the next value of MFUMP 



which is actually greater by unity than the earlier MPUMP value, for 
which ail the calculations have been done. Again all possible categories 
ox this type of combinations (having MPUMF pumps) are considered one by 
one and the calculations are done in the manner Just similar to that 
adopted earlier. When MFJMP equals (MPUMP2-1) the program comes back to 
take the next system. Finally, when all the systems are finished the 
program stops. 

The Subroutine 'SELECT* 

1 

This subroutine is based on the inspection rules and is used 
to test whether a particular combination is allowed or not. A parameter 
'LOOP* is used for this purpose. Before calling this subroutine we set 
LOOP = 0 in the main program and if during the test in the subroutine 
r SELECT 1 the combination is found to be disallowed the LOOP is set equal 
to unity. Actually all pumps and the relaxations occurring in the 
combination in question are taken in this subroutine through the IQ’s 
from the common storage area. Each of these IQ's is here split into 3SUB 
and JSUB which give us the two levels connected by it. Finally } these 
ISUB’s and JSUB’s are used to test whether the combination is allowed or j 
not and resetting LOOP = 1 in the latter case. The ISUB’s and ISUB’s : 
form a part of the comon storage area and are also used (if MCAL = 2) fcj 
the evaluation of A(l,J) 's for the combination (in case it is an allowed 1 
combination) in the subroutine 'ILA&IJ'. One goes back to the sain 
program with the value of LOOP which is same as aero in case the 
combination is allowed and is reset to unity if the combination is 


disallowed. 



The Subroutine l IT,.AATT i 


This subroutine is called if (i) MGAL = £ and (ii) the 
combination is allowed. If MGAL = 1 it is net needed to calculate 
Al> 1, J) l s for the allowed combination. Based on the inspection method 1 
this subroutine uses ISUB's and JSUB's of the allowed combination 
calculated in the subroutine '3ELC3T 1 and first finds out the 
"intermediate levels" 1 for it. It then calculates A(l,J) , J = 1, NLEVEL. 
It also sets, according to equation (5.14) ( A(l,l) , 1=1, NLEVEL) all 

equal to unity. Using the calculated A(l,J) 's and A(l,l ) ’s and the ISUB’s 
and JSUBS's, the rest of A(l,J)'s are also calculated. Finally, it 
calculates (A(p+l,j) , J = 1, NLE7EL) using the equation (3.1?) and goes 
back to the main program. 

The Subroutine 'ALGBBR' 

As has been mentioned earlier this subroutine calculates the 
contributions from the allowed combination to the proper polynomial 
coefficients and stores them in the variable BETA'S (if MGAL = l) or in 
the variables BETA’S, XD's and XNR's (if MGAL = 2). Here, it first 
calculates ALPHA'S (see equations (3.8)) for which it takes IQR‘3 from th 
common storage area and back —calculates the indices ( I’s ) of the MRELAX 
relaxations ( m(l)'s ) occurring in the combination. Again it takes 
from the common storage area the B's corresponding to these relaxations 
(indices I's) and calculates one by one the coefficients of all possible 
(NPARA) pseudo-terns (some of which may errrespond to one of the; 

terms of the MTERM terms) encountered while making the product of.MHEIAXj 
relaxations frem the first principles J for example, if one multiplies 



ix-ry+z) by (x+y+s) one gets nine pseudo-t eras, whereas actually there are 
s:c: terns (MTSHM = 6). 3o } each time while evaluating -a p 3 eudo-terr. 

coefficienn it evaluates the powers of the various L(J) parameters 
occurring in this term as { LLP(j), J = 1, NFARA ) and compares then 
with MTSRM sets (( ' IP(NT3RM, J) , J = 1, NPARA ), NTBRM = 1, MTSRM ) which 
are already stored in a part of the common storage area. The moment it 
finds that for a particular NTERM value { LP(l?T0W,J) = LLP(J) , J = 1, 

NPARA ) it puts the corresponding tern coefficient calculated in the { 

appropriate ALPHA (which corresponds to the particular NTERM value) . After 
evaluating the ALPHA'S in this manner, the contributions of this 
combination to the appropriate polynomial coefficients are calculated and 
stored. While calculating contributions to XD's and XNR's, A(I,J) *s 
obtained earlier in the subroutine ' ILAAI J 1 are taken from the consnon 
storage area. Also the values of NPAIR r's and s ‘s (iPAIS's and JFAIR's) 
required for the calculation of the contributions to XNR's are tak® from 
the common storage area. Pros here we return to the main program aid 
proceed as explained under the main program 'SAT', 

The IBM 7044 computer FORTRAN program is given in the Appendix, 

A sample data and the corresponding output have also been given in this 
Appendix. 

III. 4 EXAMPLES 

As examples of our calculations we have considered a six-level 
and a ten-level system both of which are electron-nuclear coupled systems 
In these examples the relaxation mechanises are supposed to be those of 
the type discussed by Stephen and Fraenkel 2 ’ 3 for the dilute solutions f 



rree radicals (see also Chapter II] • Hence^we can write the various 
relaxation R J s (see equation (3,4) ) as linear combination of three 
parameters ( 1PARA = 3 ), L(l) = a, L(Z) = fc and L(3) = c. Here f according 
to Stephen and Fraehkel 'a 1 represents intramolecular dipole-dipole 
interaction, 'b 1 represents a cross term between this and the g-tensor 
anisotropy and 'c 1 represents the total sum of all other effects which 
cause the electron flip without involving the nuclei. 

It is clear from the sets of equations ( 3.19a) , (3.19b) , 

(3.20a) and (3,20b) that in 'the finite-temperature case with linear 
approximation 1 , the saturation parameters are quotients of polynomials of 
various degrees in the relaxation parameters 'a*, ‘b* and 'c* , the 
coefficients of the terms of these polynomials being, in general, linear 
combinations of the energy gaps of the system. On the otherhand, in 
'the infinitely high-temperature case 1 (see sets of equations (3.22) and 
(3.23)), the saturation parameters, XI 00 '3 are again quotients of 
polynomials of various degrees in ’a’, ’b* and ’e’ but here unlike 
'the case of finite-temperature with linear approximation* the coefficient 
of the terms of the polynomials are numerical constants. % 's, however, ar 
not defined in 'the infinite-temperature case 1 . 

For a particular system the denominators of all-Q-'s are the 
same and the denominators of all %'s corresponding to the same MPAIB are 
also same. The numerators for the various saturation parameters are 
different. As will be seen later, both in the six-level and the ten-levb 
systems taken here, each relaxation is actually not a linear combination 
of all the three relaxation parameters 'a 1 , 'b ! and 'c' and hence in the 
various polynomials all the respective MTSRM terms do not actually exist, 



'■Trrlle giving the results we shall suit the listing c: the non-existing 

•coin’s of the polynomials . Results will he giver, in tabular form . For 

'trie finite -temperature case with linear approximation’ each table 

represents a polynomial (a numerator or a denominator of a saturation 

parameter whereas for 'the inf i nite-temperatur tables ; 

sometimes give more than one polynomial. In the latter case each term 

in the polynomials is given in ’units of (i/S}“ where p represents the order 

of the polynomial. This is done so as to enable ourselves to compare the 

present calculations for 'the infinitely high-temperature case’ with those 

of Stephen and Fraenkel, who have used such units in their earlier work | 

on the calculations of XXS° 1 s . ! 

K 1 

We shall now describe the two examples and give the results • ( > 

The Sjoc-Level System 

This is an electron-nuclear coupled system (NLEVEL = 6} with | 

, ■■ ■ I 

nuclear spin 1 = 1 and electron spin S = jjr (see Fig. III.l) . There are ; 
eleven re laxa tions (KRSLAX = 11) present ir. this system and in the extreme 

P ^ 

motional narrowing case, these are“ ,J as given below: 




FIG. III. 1 EN ER GY LEVELS FOR THE SPIN SYSTEM WITH{ S = 1/2 and 1=1). 
ENERGY LEVELS ARE LABELED BY mg, mj VALUES. THE 
POSSIBLE RELAXATIONS FOR EXTREME MOTIONAL NARROWING 
ARE SHOWN. THE SYSTEM CONTAINS THREE RADIATIVE INDUCED 
TRANSITIONS i. e. PUMPS WHICH ARE ALSO SHOWN HERE. 







R(i) = R g5 = 0605 = U 
R(2) = Rg 3 = 0603 = a-b+c 
R(3) = R 62 = 0602 = 

R(4) = R- 4 = 0504 = 

R(5) = R 53 = 0503 = 

R(6) = R 52 = 0502 = c 
R(7) = R 51 = 0501 = ■§& 
R{8) = R 42 = 0402 = 2a 
R(9) = R 41 = 0401 = a+W-c 
R(l0) = Rj 2 = 0302 = 

R(ll) = Rg! = 0201 = -§* 




) {3.24) 


As is indicated in the Fig. III.l we take in this example 
three pumps (NFUMP = t = 3) which are 


*&> = P p iqi = P 36 = 0306 

p(2) = V* = p * 6 = 0205 

■ p p 3 q 3 = Pl4 = 0104 


\ (3.25) 


For each of the ’NPAIS' pairs *r and s’ the saturation 

, . .. i 'i an fhctt the MPAlRr-th saturation 

factor is defined by equation (3.1J> »o tnan nne 

factor S MPAm is giw 



1 + .t *hrx? m * £ p 

V* 1 K 1 > Kg=l - * *1^2 




MPAIR 

1 ,K 2 ,K 3 


■mpaie 


1 + ,£ p( V n £ + t, P(itj 

K l =1 1 ■> 1 


(3.26) 


1 K^l ^ 2 T- 


fK 
* 2 


+ . 2 P(K )P(K )P(K_ 

Kj> K >K =1 123 


in* tf 


K_ 


If we take NPAIR - 3 and the three *rs 1 pairs a .3 (06,03) , 
(05,02) and (04, 01) , the various saturation parameters X l s and SI *s are 

Xg> X^’ Xi» X% Xt, %2’ Xg >2 » %3,1' % 2 ? 1 » ^ the rcst of X f s are 

zero) and/L^iTg, Jl^, _Q^ 2 , JTg 1 , Jlg^, jQ^ 2 The denominators 
of all these are fifth degree polynomials in 'a*, ! b ! and *c r . The 
numerators for Jig, Jig, Xg> Xj> Xi* X^ Xi» and Xg are fourthl 
degree polynomials; those of X 3 g» Xj^i 

Xg 2 . are ‘t'b.ir'd. degree polynomials and those for Jl^ ,, ^ are second 
degree polynomials in ’a 1 , 'b* and ‘c ' . 


Since space does not permit us to give the complete results 

of the calculation, we shall restrict ourselves to a few illustrative 

results. In Tables III.l to III. 4 are thus given the results of our 

calculations on JTg 2 and X 2 for the finite-temperature case with the 

linear approximation. We have also given in Tables III. 5 and III. 6 the 

results of our calculation onJX? *s in this system and the results of 

jL 

2 3 x 

Stephen and Praenkel 9 ° are also compared# 



Common Denominator of all ft's in the Six-Level System 

MTEHM = 21 
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TABLE III. 2 

Numerator of p in the Six- Level System 
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TABLE III. 5 

Common Denominator of all X 2 - s in the Six-Level System 

MTERM = 21 




TABLE III. 4 

Numerator of XI in the Six-Lemel System 
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TABLE III. 5 

Common Denominator for all n°°'s in the Six-Level System 

MTERM= 21 
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(#) Stephen and Fraenkel (see ref. 2 and 3). These authors were interested mainly in the ratios of the various U 
and hence the common denominator was not of interest to them. Therefore, for simplicity these workers assumed h 
and hence their polynomial does not contain terms involving b. However, if one is interested in the calculation 
Individual saturation parameters the assumption that b = 0 cannot be made. 


Numerator for Ilf's (K., =1,2,3) in the Six- Level System 
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The Ten-Level System 


This is also an electron-nuclear coupled system (riZm=iCj with 
four equivalent protons (l=-f) and one odd electron {S=t; • '*r.ere are twer. - » 
relaxations (KBSL6X=2l) present in it and according to Stephen and EraerieV 
in the extreme motional narrowing case these are given ’ey 


= Sioos 

= 1009 = a 

B(2) = \oos 

= 1005 = 4a-2b+e 

= q 0 04 

= 1004 = 

i! 

00 

= 0908 = 3a 

R(5) = Rgj 

= 0905 = 4a 

R(S) Rg^ 

= 0904 = 4a-4b+4c 

m = Rgj 

= 0903 = 2a 

E(8) = Eg 7 

= 0807 = 3a 

if 

ll 

= 0804 = 12a 

R(10) =R 83 

= 0803 = 6c 

R(ll) = Rgg 

= 0802 = 2a 

R(12) =R 76 

= 0706 = a 

R(13) = Rf^j 

= 0703 = 12a 

R(14) = R n 

= 0702 = 4a+4b+4c 

R(l5) ~ 

= 0701 = -fa 

R(l6) — Rgg 

= 0602 = 4a 

R(17) = Rgj_ 

= 0601 = 4a+2b+c 

R(18) = R 54 

= 0504 = a 

R(19) = R 43 

= 0403 = 3a 

R(20) = R 32 

= 0302 = 3a 

R(2l) = R^ 

= 0201 = a 


:> 


( 3 . 27 ) 



FIG. HI. Z ENERGY LEVELS DIAGRAM FOR SPIN SYSTEM WITH FOUR 

EQUIVALENT PROTONS (1 = 1 ID AND ONE ELECTRON (S - 1/2). 
ENERGY LE VELS ARE LABELED BY mg, mj VALUES. THE 
POSSIBLE RELAXATIONS FOR EXTREME MOTIONAL 
IrESHOWN THE SYSTEM CONTAINS FIVE RADIATIVE INDUCED 
Sr i. e. PUMPS. THESE ARE ALSO SHOWN HERE. 














In tliis example only five pomps are supposed to be present 

(NFUMP — 5 — t) • They are 


p 

" P 0510 

= 051C 

p 

P 

= 0409 


0409 


P 

P 0303 

= 0308 

P 

P 0207 

= 0207 

P 

P 01G6 

= 0106 


} (3.28) 


The MPAIR-th saturation factor is again defined by an 

equation similar to equation (3.26). However, in this example we shall be 

giving the results of our calculations of ’ s (K = 1,2,...., 5). 

1 1 

Table III. 7 gives the common denominator of all these and Tables III. 8 

to III.12 give the various numerators. We have compared our results with 

2 5 

those of Stephen and Fraenkel ’ in these tables also. 


It may be pointed out here that the ‘relaxation cofactors 1 
defined by these authors are simply the various terms of the polynomials 
in our formalism. All our common calculations agree exactly except for 
the fact that seme of the nonzero terms of the polynomials are missing 
from the tables of Relaxation Gof actors given by these workers. However, 
wo have noticed that these terms are much smaller as compared with the 
other terns of the corresponding polynomials . 


We are not aware of any other attempts in the literature made 


so far for the evaluation of i"L 


CD 

'^1 ’ ^2 


's, J1 


oo 


etc, and for 


the saturation parameters at finite temperature with the linear 
approximation. 



TABLE III. 7 

Common Denominator of all -TI 30 ’ s in the Ten- Level System 

MTSHK = 5E 


BETA 0 '"' (NTEEM) xiO” , obtained by sunning 
over the allowed combinations of the type 
and category X 0 i- See sets of equations 
3 r IP(l3T3HM,i) (3.22) and (3.23) . Number of allowed ccxsbi- 
NTERM TT <L(i) > nations = 27648. Number of disallowed 

i = l combinations = 266282. 


Present Calculations S-F (*) Calculations 


1 

9 

a 

294201, 4Qx±0 2 

294202. OQxlO 2 

2 

a b 

-31. 003d. 0** 2 

- 

3 

8 

a c 

102610. S13C10 2 

102610. 5Qxl0 2 

4 

aV 

-283891. 16x10° 

- 

5 

a 7 bc 

9.003dl0" 2 

- 

6 

aV 

131937. 54X10 1 

131937.60x10^ 

7 

aV 

-6.40xlC~ 2 

- 

8 

aVc 

-663384. 753d.0 -1 

- 

9 

6. 2 
a do 

S.OOxiO "' 5 

- 

10 

6 3 
a c 

7846.92X10 1 

7846.90X10 1 

11 

5,4 
a b 

663.55x10° 

- 

12 

5. 3 
a b c 

-5.32xl0" 5 

- 

13 

aW 

-4611.68x10° 

- 

14 

5, 3 
a be 

2. 3Qxl 0” 4 

- 

15 

5 4 
a c 

215.653C10 1 

215.65X10 1 

17 

a 4 b 4 c 

88.47x10° 

- 

19 

4. 2 3 
a b c 

-110. 59x10° 

- 

21 

4 5 
a c 

2211.84xl0 -2 

2211 .64xlC~ 2 


(#) Stephen and Praenkel (ref. 2 and ref. 3) were interested mainly in the 
ratios of the various XI 00 's and hence the common denominator was not of 
interest to them. Therefore, for simplicity these workers set b=0 and 
hence their polynomial does not contain terms involving b. However, for 
calculation of individual flP's one cannot set b=0. 


*. £%Z» Xc« 1 *. * C 

? unerator fcr -Ti^° ir. the Ter.- Level System 
'ITERM = 45 


NTERM 

3 r 1 L?(lITEf!M,i) 

TT h(i)\ 

i=l v. j 

BSTA 0 ^^' '!'TL?Tl!xlC~ c , obtained by sunning 
over the allowed combinations of the type 
and category See sets of equations 

(3.22) and (3.23* Number of allowed combi- 
nations = 13824. Number of disallowed 
combinations = 112148. 

Present Calculations 

S— F (*) Calculations 

1 


8 

a 

9352*0.31 

935221.00 

2 


7, 
a b 

59551.69 

59552.00 

3 


7 
a c 

296358.82 

296359.00 

4 


6, 2 

a d 

-5225.44 

-5225.50 

5 


a®bc 

16957.90 

12348.00 

6 


6 2 
a c 

32497.45 

32497.00 

7 


5,3 
a b 

-331.78 

-331.78 

8 


5.2 
a b c 

-862.62 

-862.62 

9 


5. 2 
a be 

1526.17 

1526.20 

10 


5 3 
a c 

1459.81 

1459.80 

12 


4.3 
a b c 

-44.237 

-44.237 

13 


4, 2 2 
a d e 

-22.118 

- 44.237 

14 


4. 3 
a oc 

44.237 

44.237 

15 


4 4 

a c 

22.118 

22.118 j 


(*} Stephen and Fraenkel (ref. 2 and ref. 3) . The discrepancy 

between our result and that of Stephen and EraerJcel in items" 5 15 and "1J 
is presumably due to an error in the results of Stephen and 

Fraenkel. . 



1 

8 

a 

550168.58 

55C169.00 

2 

7, 

a b 

41196.99 

41197 .00 

3 

a 7 c 

150078.29 

150)78.00 

4 

aV 

-2220.82 

-2220,80 

5 

a^c 

8105.67 

8105.70 

6 

S 2 
a c 

15354.50 

13355.00 

7 

5,3 
a b 

-165.89 

-165.89 

8 

aVe 

-464.49 

-464.49 

9 

5, 2 
a be 

389.84 

389.84 

10 

5 3 
a c 

464.49 

464.49 

12 

4, 3 
a b c 

-22.118 

-22.118 

13 

aW 

-22.118 

-22.118 

14 

a^oc 5 

5.53 

5.53 

15 

a 4 c 4 

5.53 

5.55 


(#) Stephen and Fraenkel (ref. 2 and ref. 3) 




TABLE III. 10 


Numerator for i L in the Ten-Level System 
MTEBK = 45 


NTSHM 

3 r ^LP(NTEBM,i) 

i=l 1 J 

BETA c2 ^ 5 ' (NTSLM)xlO" 8 , obtained by summing 
over the allowed oombinations of the type 
and category X C 2(s) • See sets of equations 
(3.22) and (3.23*'. Number of allowed combi- 
nations = 9216. Number of disallowed 
combinations = 116754. 

Present Calculations 

3-F (*) Calculations 

1 


8 

8. 

664875.34 

664877.00 

2 


7, 
a b 

165144. 64xl0“ 6 

0.00 

5 


7 

a c 

140900.80 

140901.00 

4 


6.2 
a d 

-6353.47 

-8553 #50 

5 


a®bc 

12712. 05xl0“ 6 

0.00 

6 


6 2 
a c 

10596.08 

10596.00 

7 


5, 3 
a b 

-391.03x10”® 

0.00 

8 


5, 2 
a b c 

-630.37 

-650.37 

9 


aSc 2 

2349 .00x1 0” 7 

0.00 

10 


5 3 
a c 

331.78 

331.78 

11 


a 4 !) 4 

14.75 

14.75 

12 


a 4 b®e 

-S.OOxlO -8 

0.00 

13 


4,2 2 
a D c 

-18.432 

-18.432 

14 


4, 3 
a do 

2.00xl0” 8 

0,00 

15 


4 4 

a c * 

3.686 

3.686 


{#) Stephen and Fraenkel (ref. 2 and ref* 3). 



TAB IS III. 11 


Numerator for XI f 3 in the Ten-Level System 
% 

KTER = 45 


NTEHM 

3 ( ^ LP(STEBM,i) 

TT <l(i)} 

i=l *• J 

BETA c2 ^ (NTERM)xlO“ 8 , obtained by summing 
over the allowed combinations of the type 
and category X a S{4) * See sets of equations 
(3.22) and (3.23) . Number of allowed combi- 
nations = 9216. Number of disallowed 
combinations = 116754. 

Present Calculations 

S-F (*) Calculations 

1 


8 

a 

550168.58 

550169.00 

2 


7, 
a b 

-41196.99 

-41197.00 

3 


a 7 c 

150078.29 

150078.00 

4 


a^ 2 

-2220.82 

-2220.80 

5 


a^bc 

-8105.62 

-8105 .TO 

6 


6 2 
a o 

13354.50 

13355.00 

7 


5,3 
a b 

165.89 

165.89 | 

8 


5,2 
a b c 

-464 * 49 

-464*49 

9 


5, 2 
a do 

-389.84 

-589.84 

10 


5 3 
a c 

464.49 

464,49 

' , ' . ' ' | 

12 


a^b^c 

22.118 

22.118 

13 


a 4 b 2 c 2 

—22.118 

-22.118 

14 


4, 3 
a be 

-5.53 

-5.55 

15 


4 4 

a c 

5.53 

5*55 • ; 

• 1 


(*) Stephen and Fraenkel (ref » 2 and ref* 5) . 



TABLE III. 12 


Numerator fori i? 5 in the Ten-Level System 
MT5RM = 45 


NTERM 

3 r ^LP(NTERM,i) 

n(L(i)} 
i=dA i 

BET A c 2 ( 3 ,! ( HTERM) xl 0” S , obtained by sunning 
over the allowed combinations of the type 
and category X a ?(5) • See sets of equations 
(3.22) and (3.23). Nuaber of allowed combi- 
nations = 13824. Number of disallowed 
combinations = 112146. 

Present Calculations S' 

-F (*) Calculations 

1 


8 

a 

935220.26 

935221.00 

2 


a 7 b 

-59550.87 

-59552.00 

3 


a 7 c 

296358.81 

296359.00 

4 


aV 

-5225.56 

-5225.50 

5 


a^bc 

-16957.78 

-12348.00 

6 


a 6 e 2 

32497.45 

32437.00 

7 


aV 

331.78 

331.78 

8 


5, 2 
a D c 

-862.62 

-862.62 

9 


5. 2 
a dc 

-1526.17 

-1526.3X3 

10 


5 3 
a c 

1459.81 

1459.80 

12 


aVo 

44.237 

44.237 

13 


4, 2 2 
an c 

-22.118 

-44.237 

14 


aSc 3 

-44.237 

-44.237 

15 


4 4 
a c 

22.118 

22.118 


(#) Stephen and Fraenkel (ref. 2 and ref. 3} . The discrepancy between 
our result and that of Stephen and Fraenkel in items ”5 B and "15" 
is presumably due to an error in the results of Stephen and 
Fraenkel. 


III. 5 C0NCLU3I0T 


The present formalism for the evaluation of saturation 

parameters has been found to be satisfactory for the computer programming 
of the otherwise rather tedious calculations. The procedure adopted hers 
yields valuable results on the saturation behaviour of multilevel- 
multiresonance systems without the necessity of involving the high 
temperature approximation. Since there are many systems (typical one 
being the electron-nuclear coupled system) where thi3 procedure can be 
adopted it is hoped that investigation of the relaxation processes in such 
systems will be helped considerably by the analysis and use of computer 
programs such as the one outlined here. 

The IBM 7044 computer FORTRAN program written for the 
calculations of the various saturation parameters is given in the 
Appendix. A sample data and the corresponding output have also been 

given. 
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summary 



SUMMAIff 


A theoretical analysis of the saturation phenomena in multilevel 

multiresonanee Zeeman systems employing the rate-equation approach has 

been given here. While a quantum— me char! c al description of such systems 

utilizes the density matrix formalism » the conventional rate-equation 

approach assumes that the off-diagonal elements of the density matrix are 

oT 

zero and thus considers the rate of change A the diagonal elements only. 

This assumption, that is, the use of the rate-equations 5 is valid in many 
cases and leads to a simpler description. Most of the work reported here 
was completed before the publication of the recent work of Freed on 
saturation in electron spin resonance based on density matrix formalism. 

It has been shown that the rate-equation approaches of Stephen, 
and Fraenkel (the Diagram Method) and Keating and Barker (the Inspection 
Method) are actually equivalent. The "diagram method" was originally 

developed for the study of saturation in mult ilvel-mult ir es onanc e Zeeman , 

, ' ' , I 

systems mainly in the 'infinite temperature approximation', while the I 
"inspection method" was formulated for obtaining normalised steady state : 
finite temperature population distribution in such systems. It has been j 
found that the application of the diagram method for the study of saturat; 
in multilavel-multiresonance systems is complicated both at finite 

temperature and high temperature. In order to develop a simpler procedur 

i 

for the study of saturation in such systems at "finite temperatures" and ! 
at "high temperatures", the inspection method has been employed here. A 1 
finite temperature expression for the saturation factor Z^ in terms of 1j 
solutions thus obtainedjby the inspection method yields on analysis, geners 
finite temperature expressions for the saturation parameters j"L's and X ! 



These are found to be functions of (l) the various relaxations present in 
the system, (2) the energy-gaps between the adjacent energy levels of the 
system and (3) temperature T of the system. The infinite temperature and 
high temperature expressions for the saturation parameters obtained by 
Stephen and Fraenkel have been rederived by taking proper limits (for 
^ * 0 or T high) in the various terms of the finite temperature 

expressions obtained in the present work. These rederived expressions, 3 
general, agree with those of Stephen and Fraenkel but there are certain 
discrepancies which have been pointed out. Use of the finite tenperafcurs 
expressions for the saturation parameters obtained here have also been 

j< 

demonstrated by presenting a sample calculation in a four-level odd 


electron (s 3 ^) — spin-half nucleus (l=§-) coupled system. An expression; 

• .. ■ I 

for the mj dependence of the saturation parameter S\.pq on Eagsstic 

quantum number m^ has been obtained for the e.s.r. lines of free radical) 

I 

in solution and found to agree with experimental data. It has also beep 
shown that the expression obtained by Stephen and Fraenkel for the m^ j 


oo 

dependence of _Q_ is a particular form of the expression obtained here. 


Assuming that the various relaxations present in the system a) 

j 

available as linear combinations of certain parameters characterizing th 
relaxation mechanisms present in it, the expressions for the saturation;' 
parameters have been modified in the infinite temperature and high 
temperature case. The final form of the expressions thus obtained have 
been adopted for machine computations of the saturation parameters. ' 
Examples of machine computation of the various saturation parameters in, 
a six-level and a ten-level system have been presented. The infinite 



temperature results are compared with the results of similar calculations 
done by Stephen and Fraenkel. The FORTRAN program written for this 
purpose has also been presented in an Appendix. 

It is hoped that the present formalism for the saturation 
studies in mult ileve 1-mult ires onane e systems and the associated computer 
program developed here will help considerably in the calculations for 
many-level systems which are otherwise formidable. In turn, the results 
of such calculations can be used in the investigation of relaxation 
processes present in a system. 
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